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NOMENCLATURE 
In this tabulation, dimensions are given in terms of mass (M), 
length (L), time (t), and temperature (T). Equations referred to are 
defining relations in the body of the text. Symbols that appear infre 














Area of the porous plate 
Coefficient in a polynomial 
Concentration 
Concentration in ppm 
Critical concentration, defined on page 23 
Local skin-friction coefficient 
Pipe diameter 
Hydraulic diameter 
Effective diameter of a random-coiling 
macromolecule in dilute solution 
Friction loss factor associated with 
viscous dissipation 




Prandtl mixing length 


















X I 1 1 
Quant i ty Dimensions 
Molecular weight of species i 
Mass flux with respect to stationary 
coordinates 
Molar flux with respect to stationary 
coordinates 
Pressure 
Volumetric flow rate 
Radius 
Root-mean-square r a d i u s of g y r a t i o n 
of a random-coi l ing macromolecule 
in d i l u t e s o l u t i o n 
Hydraulic radius 
Reynolds number based on diameter 
Reynolds number based on length 
Time 
Temperature 
Velocity in the x direction 
Friction velocity, u = 
Velocity in the y direction 
Rate of doing work on surroundings 
Coordinate parallel to the porous 
surface 
Value of x at the test-section inlet 
Coordinate normal to the porous wall 
+ *. 
y = yu /v 
Fluid property parameter related to the 
concentration and dimensional charac-






























Intrinsic viscosity defined by 
Equation (17), page 3h 
Relaxation time of the polymer molecule 
in solution 
Viscosity 
Limiting value of the viscosity at 
high rates of shear 
Kinematic viscosity 
























In the pure solvent, or at zero mass transfer 
At the wall 
In the x direction 




Turbulent fluctuating quantity 
— Time-averaged quantity 
• At the onset of drag reduction 
Brackets 
<a> Average value of "a" over the flow cross section 
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SUMMARY 
Various studies have been conducted in the past few years dealing 
with drag reductions in water caused by the addition of certain chemicals. 
These studies indicate that certain long-chain organic molecules are ex-
tremely efficient in reducing drag, even in quantities as low as a few 
parts per million. An investigation conducted by the U. S. Naval Ordnance 
21 
Test Station in Pasadena has shown that the polymer polyethylene oxide 
WSR-301, manufactured by Union Carbide Chemicals Company, is one of the most 
effective materials presently known to reduce friction in water. 
A careful study of the pertinent literature indicates that most 
investigations have dealt with the flow of pre-mixed solutions. The possi-
bilities of using drag-reducing additives in this type of application are 
intriguing. Some of these are the pumping of crude oil over long distances 
and the drilling of oil wells. However, additional applications could be 
developed based on injection of dilute polymer solutions along solid-liquid 
interfaces with the object of reducing skin-friction drag. This type of 
application could be utilized on: 
(1) Surface and underwater vessels. 
(2) Hydrofoils. 
(3) Skis of amphibian aircraft. 
(h) Torpedoes. 
(5) Deep-sea?submersible research vehicles. 
The application to underwater research vehicles seems particularly 
attractive. These vehicles are usually battery powered and will permit 
xv ii 
continuous operations of only a few days at the most, due to limitations 
in power supply. A reduction in drag would directly increase the deep-sea 
operating time and, therefore would be of extreme importance. 
One method of introducing dilute polymer solutions in the turbulent 
o 
boundary layer is by ejection through slots. Love has investigated this 
type of mass addition on a flat plate and achieved drag reductions of up 
to 50 percent when ejecting solutions of polyethylene oxide WSR-301 through 
slots at the leading edge of a flat plate„ Another technique is to eject 
the solutions through a porous surface,. In • view of the results of Wells 
and Spangler who found that the presence of the polymer in the neighbor-
hood of the viscous sub-layer alone is sufficient to cause the reduction 
in drag, distributed surface injection of polymeric additives seemed to be 
an approach that would make the most efficient use of drag-reducing addi-
tives. In this technique, the material is introduced into the boundary 
layer through a porous surface in a direction normal to the direction of 
the main stream. This method of ejection was examined in this investiga-
tion. For ease of analysis, injection of dilute solutions into a two-
dimensional, turbulent boundary layer was selected. The specific objec-
tives were: 
(a) To determine how the additives affect the velocity pro-
files in the turbulent boundary layer. 
(b) To evaluate the effect of injections on the boundary-
layer thickness. 
(c) To determine the magnitude of the drag reductions by measur-
ing velocity profiles at several stations along the flat 
plate and using these in a momentum-deficit,integral analysis. 
(d) To calculate the shear-stress distributions in the boundary 
layer and to investigate how they are influenced by the 
presence of the injected fluids. 
(e) To determine the distribution of the additive in the boundary 
layer. 
In order to conduct the investigation, a single-pass, contiruous-
flow, low-speed water tunnel was built in the School of Chemical Engineer-
ing, Georgia Institute of Technology. The test section of this tu] nel was 
96.O inches long and had a rectangular cross-sectional area of 12.0 by 
6.0 inches. This area was reduced to 12.0 by 2.8 inches in the present 
investigation to obtain accurate velocity measurements with a water supply 
rate limited to 155 gallons per minute. 
With the bulk flow rate constant at 155 gallons per minute, the 
following fluids were injected into the main stream: water and aqueous 
solutions of polyethylene oxide at concentrations of 25.0, 50.0, and 150.0 
ppm. The water was injected at a rate of 537.0 mls/min. Since this rate 
of injection, the highest considered in this investigation, did not signi-
ficantly change the shape of the velocity profiles, lower injection rates 
of water were not considered. Most of the studies were performed with 
solutions containing 50.0 ppm of polyethylene oxide. These solutions 
were injected at four* different injection rates of 60.0, 13^.0, 268.0, and 
P v 
537.0 mls/min giving -^-^ values of 0.62, 1.38, 2.75, and 5.51 x 10~^, 
^00 CO 
respectively. The 25.0 ppm solution was introduced at rates of 13^.0 and 
537.0 mls/min, while the 150.0 ppm solution was injected at 13^.0 mls/min. 
In the investigation, velocity profiles were obtained by means of 
a total pressure probe in combination with a wall static tap. The differen 
XIX 
tial pressures were measured with a Foxboro Type 15A Differential-Pressure 
Cell Transmitter with a range of 0 to 2.k inches of water. The velocity-
profiles were used to calculate skin-friction values and shear-stress 
distributions by an integral momentum-deficit analysis. Distributions of 
the injected polymer in the boundary layer were measured by analyzing 
samples, withdrawn from the test section, with a polarographic technique 
57 developed by Goren, et al 
The following conclusions were reached: 
1. Introducing the drag-reducing additive in the boundary layer by 
distributed surface mass addition is very efficient. Drag reductions of 
up to 37 percent were attained while injecting aqueous solutions of poly-
PT
 v 
ethylene oxide at concentrations of 50.0 ppm. The injection ratio, , 
00 °° 
at this drag reduction was I.38 x 10 and the Reynolds number was 1..2.h x 
106. 
2. Although no extensive investigation was made of injections at 
concentrations other than 50.0 ppm, the data obtained for the injection of 
solutions of 25.0 and 150.0 ppm indicate that the weight of the polymer 
injected per unit of time and unit area is the prime criterion in drag 
reduction. 
3. The onset of drag reduction occurred at lower values of the 
53 5k 67 
wall shear stress than predicted by present hypotheses ' ' . This agrees 
36 
with the findings of Little who investigated similar drag-reducing agents. 
h. The shape of the velocity profiles was not significantly changed 
by injection of water at a rate of 537.0 mis/min. The effect of aqueous 
solutions of polyethylene oxide was to make the velocity profiles blunter 
at each axial location. This effect was found to increase with injection 
XX 
rate (up to 13̂ -.0 mls/min) and with axial distance down the channel. 
5. The "boundary-layer thickness decreased with injection of water 
and aqueous solutions of polyethylene oxide. Injection of water reduced 
the thickness by a maximum amount of approximately 11 percent. Injection 
of the polymer solutions at concentrations of 50.0 ppm continued to de-
crease the boundary-layer thickness until an injection rate of 13^.0 
mls/min was attained. The reduction in thickness at that point was about 
20 percent. Then a reversal occurred and the boundary layer increased in 
thickness with higher injection rate. 
6. The shear stresses in the boundary layer were lowered by mass 
additions. Aqueous solutions of polyethylene oxide at concentrations of 
50.0 ppm produced the largest reduction at the porous wall, except at a 
rate of 13̂ -.0 mls/min, which yielded a constant reduction of 37 percent 
from y = 0 to the edge of the boundary layer. Injections of water at 
537.0 mls/min, however, produced the largest shear-stress reduction at 
the outer edge of the boundary layer. The two largest Injection rates 
examined in this investigation--537«0 mls/min--produced a surprising re-
sult, both in the case of water injection and polymer addition. This was 
that the maximum shearing stress no longer occurred at the wall, but was 
displaced from it. The maximum shearing stress in the case of water in-
jection occurred at a y value of 0.02 inch, whereas in the case of polymer 
addition the maximum was found at y = 0.05 inch. The reasons for the 
occurrence of these maxima were not clear, but they have been noticed 
68 69 
previously in the case of gas injections in air boundary layers ' . 
7. The non-dimensional mean-velocity prof i les were shifted l inear ly 
in an upward direct ion by a l l injections considered in th is inves t igat ion. 
XXI 
This implies that injections of water and aqueous solutions of poly-
ethylene oxide at 50.0 ppm do not cause changes in the universal constant 
k (the mixing-length constant). These results agree with the findings 
27 52 25 
of Ernst and Meyer , but contradict those of Elata and Tirosh and 
Wells2 . 
8. Concentration measurements were made in the transpired boundary 
layer while injecting aqueous solutions of polyethylene oxide at 50.0 ppm. 
Sharp drops in concentration were observed in the laminar sub-layer--from 
50.0 ppm at the wall to values of a few ppm at the edge. The concentrations 
in the turbulent portion of the boundary layer were found to be relatively 




Various investigators have observed, that the turbulent flow struc-
ture of fluids can be considerably modified by the addition of macro-
scopic particles. Sproull observed friction reductions in dusty air. 
2 3 
Elata and Ippen and Daily and Chu reported reductions in friction caused 
1+ 
by the presence of polystyrene particles in water. Daily and Bugliarello 
5 
and Bobkowicz and Gauvin discovered drag reductions in various fiber sus-
pensions . 
Recently, attention has been focussed on the turbulent flow character-
istics of solutions containing high-molecular-weight linear polymers, which 
show exceptionally large reductions in friction drag, even in extremely 
6 
dilute solutions. Since Toms was apparently the first to study quanti-
tatively the drag-reducing characteristics of this type of solution, the 
phenomenon is often referred to as "Toms phenomenon." Further experiments 
with various polymer-solvent systems, conducted mainly during the past five 
years, have shown this same type of anomalous behavior. 
Practically all of the published data, more fully discussed in 
Chapter III, deal with the dynamics of pre-mixed solutions in straight tubes 
or rotating disks. The preference of investigators for this type of experi-
mental analysis is due to two reasons. First, it is the most direct method 
Superscript numbers refer to the Bibliography on page 139* 
2 
for studying the mechanism involved in the drag-reducing phenomenon. 
Second, it is clear that applications in pipe flow are relatively easy to 
achieve, because the unit of additive is used over and over again until the 
end of the pipe or until mechanical breakdown of the polymer molecules 
occurs. Some applications of this technique have already been developed. 
For example, oil companies use it in the drilling of muds, in oil-well 
fracturing operations, and in the pumping of crude oil. 
It appears that many additional applications can be developed based 
on injection of dilute polymer solutions along solid-liquid interfaces with 
the object of reducing skin-friction drag. Some of these are used on war-
ships during action, submarines, deep-submergence craft, submarine-rescue 
craft, torpedoes, depth charges, and hydrofoil boats which could become 
foil-borne with a lower expenditure of power. However, experimental investi-
gations in this area are rather scarce. Only four investigations seem to 
7 
have been concerned with this problem. Thurston and Jones developed and 
studied a soluble, drag-reducing coating which can be applied to the sur-
o 
face of an underwater body. Love investigated the drag-reducing effects 
of rnacromolecular polymer solutions ejected through slots at the leading 
9 
edge of a flat plate. Forester and Francis prepared concentrated disper-
sions of polymers in non-solvent carriers and ejected the slurries into 
turbulent streams of water. Wells and Spangler investigated slot injec-
tions of drag-reducing fluids into water in turbulent pipe flow. 
At the present time, it is difficult to foresee the economic aspects 
of drag-reducing schemes involving polymer additives. This is due to the 
fact that the drag-reducing phenomenon is incompletely understood and be-
cause it is presently not known how the effect can be optimized. Studies 
3 
performed by Pruitt and co-workers and by Ousterhout and Hall have 
shown, however, that friction-reducing additives can substantially lower 
13 
the cost of a given hydraulic fracturing operation. Kowalski has pub-
lished some preliminary calculations of the amount of polymer necessary to 
provide a concentration of 20 ppm in the boundary layer of a typical mer-
chant ship of k^O feet in length, operating at a speed of 18 knots. His 
computations show that an amount of 13,360 pounds per hour would be needed. 
Later studies conducted by Wells and Spangler , however, have indicated 
that the presence of polymer in the viscous sub-layer alone is sufficient 
to cause the reduction in drag. This newly discovered effectiveness makes 
the situation much more hopeful for boundary-layer applications. 
The studies performed to date have shown fairly conclusively that 
the following rules can be applied to drag reductions in polymer solutions. 
a. Friction reductions occur only in the turbulent flow regime. 
b„ The polymer solution must be dilute so that the polymer mole-
cules exist as identities separated from each other by pure 
solvent. 
c. The polymer must have a linear structure, be soluble, and have 
a high molecular weight. 
The purpose of the present study was to investigate the distributed 
surface injection of dilute polymer solutions. In view of the results of 
Wells and Spangler , it was felt that this injection technique provided 
an approach to the most efficient use of polymeric additives. For ease of 
analysis, injection of dilute solutions into a two-dimensional, turbulent 
boundary layer was selected. The specific objectives were to: 
(a) Determine how the additives affect the velocity profiles in 
the turbulent boundary layer. 
(b) Evaluate the effect of injections on the boundary-layer 
thickness. 
(c) Determine the magnitude of the drag reductions by measuring 
velocity profiles at several stations along the flat plate 
and using these in a momentum-deficit integral analysis. 
(d) Calculate the shear-stress distributions in the boundary 
layer and to investigate how they are influenced by the pre-
sence of the injected fluids. 
(e) Determine the distribution of the additive in the boundary 
layer. 
It is well known that, at present, fully developed, turbulent boun-
dary-layer flow cannot be successfully analyzed for all flow details. This 
is apparently due to the fact that no mathematical model is available which 
describes the generation and maintenance of turbulence in this particular 
type of flow. Introduction of a second species into the boundary layer 
complicates the situation even more so as to preclude a detailed mathemati-
cal analysis. Although a complete delineation of the structural details is 
probably impossible, the completion of the objectives listed above will 
provide a contribution to the understanding of the effect of macromolecular 
additives on the turbulent flow structure. 
5 
CHAPTER II 
TURBULENT BOUNDARY LAYERS AND DRAG 
Turbulent Flow 
The details of "ordinary" turbulent flows are described by the 
three Navier-Stokes equations, together with the continuity equation. 
These four equations, however, are insufficient for obtaining structural 
flow details due to the existence of ten variables: three time-averaged 
velocity components, pressure, and six Reynolds stresses. Introducing a 
second material into a turbulent flow field increases its complexity even 
more so as to preclude a detailed analysis. Fortunately, in many instances 
fluid-flow problems can be reduced to a two-dimensional case. This permits 
a simplification since the number of variables is reduced to six: two 
velocity components, pressure, and three Reynolds stresses. Even this 
simplification does not permit a solution of all flow details and, at pre-
sent, investigators must resort to empirical relations which permit mean-
flow solutions. 
Turbulent Boundary Layer 
Ik 
The boundary-layer concept is due to Prandtl who recognized the 
importance of this layer in determining drag and separation characteristics. 
Later it was found that this layer also plays an important role in heat-
and mass-transfer operations. 
Investigators have found that a boundary layer is comprised of 
15 different regions. Runstadler and co-workers describe the boundary layer 
•X-
as consisting of three regions , each correlating with a distinct portion 
of the non-dimensional mean-velocity profile. These regions are: 
(a) wall-layer region 
(b) fully turbulent region 
(c) wake or intermittent region. 
This structural delineation was confirmed in investigations by Schraub and 
vi • l 6 Kline 
Wall-Layer Region (Viscous Sub-layer) 
In normal boundary layers, the viscous sub-layer is very thin. Al-
though the region is not sharply defined, its thickness is usually taken 
to be y less than 10. In this layer the mean viscous stress is nearly 
constant and equal to the value at the wall, and the following relationship 
holds: 
du /_ v 
T = |j, — « T (1) 
^ dy w 
The mean-velocity profile in this region is given by: 
u + = y+ . (2) 
Fully Turbulent Region 
+ 
The fully turbulent zone is the region which extends from a y value 
of approximately 10 to 300. It is characterized by a shear-stress dependence 
on both molecular viscosity and turbulent motion. The mean-velocity profile 
in this region is given by the "Law of the Wall": 
Note that these regions are somewhat different from those in pipe flow. 





This re la t ionship can be derived by integrat ing Prandt l ' s re la t ion 
. 2 , d u i d u 
T = - P̂  b - kr~ ? 
H ' d y ' d y 
W 
with the mixing length 1 = ky and u = / —- . The two empirical constants 
appearing in Equation (3) must be evaluated experimentally, and many differ-
ent values have appeared over a period of years, 
Wake Region 
The outer portion of the boundary layer shows a velocity distribu-
tion which deviates considerably from the logarithmic profile given by 
the Law of the Wall. The reason for this behavior is that the shear 
stress has become primarily dependent on the turbulent motion. Experimental 
evidence has shown that the mean-velocity profile can be correlated with 
two parameters in a velocity-defect law: 




n £ (5) 
17 where n is a profile parameter independent of x and y. Hinze has proposed 
the following equation for the mean-velocity profile in this region: 
u - u 
-x-
u 







This relationship was derived from an equation suggested by Coles which 
8 
is essentially the Law of the Wall expression with a correction function. 
Drag 
A body moving relative to a fluid encounters a resistance known 
as drag, which is comprised of form or pressure drag and skin-friction 
drag. The form drag is caused primarily by separation of the boundary 
layer from the body with formation of a turbulent wake. This results in 
a loss of energy, the magnitude of which is a function of the shape of the 
body. Friction drag, in contrast, is caused by shear stresses exerted in 
the boundary layer. A flat plate experiences only skin-friction drag at 
zero incidence. Drag on other immersed bodies consists of both form and 
friction drag. Usually, in the case of a stream-lined object, the major-
contribution to drag is skin friction. Any technique to materially reduce 
the skin-friction drag will therefore substantially reduce the overall drag. 
Drag-Reducing Techniques Applicable to Turbulent Boundary Layers 
A number of techniques have been suggested to change momentum trans-
port in a turbulent boundary layer with the object of lowering skin-fric-
19 tion drag. Lumley has discussed some of these techniques in detail. He 
concludes that most methods effect drag reduction by changing the boundary-
layer structure, i.e., by violating one or more of the principles of 
similarity or by increasing the sub-layer-thickness Reynolds number. The 
similarity principles affected are the Reynolds number similarity and the 
principle of wall similarity. According to Lumley, they can be violated 
by introducing other length and time scales. The sub-layer-thickness Rey-
nolds number, i.e., the value of y where the sub-layer profile meets the 
logarithmic profile, can be increased by making the unsteady motions more 
dissipative. This can be accomplished by introducing particles, fibers, 
viscoelastic non-Newtonian additives, and dilute macromolecular solutions 
into the sub-layer, or by utilizing compliant boundaries. 
Alteration of the viscosity in the laminar sub-layer is one of the 
few drag-reducing techniques which do not affect the boundary-layer struc-
ture. However, Lumley states that to be effective the viscosity must vary 
from a low value at the wall to a higher value at the edge of the sub-layer, 
Methods for Measuring Skin friction 
Several techniques are available to measure skin-friction drag. 
The first method uses velocity gradients in the viscous sub-layer to obtain 
the wall shear stress from Equation (7): 
T =^f • (7) 
w ^ Ay 
The difficulty connected with this method is due to the fact that the sub-
layer is very thin so that extremely small probes must be used to obtain 
meaningful measurements. 
The second method consists of fitting velocity data in the wall-layer 
region to the universal equation 
-* 
% = 2.5 in ^ - + 5.5 . (8) 
u 
This is a relatively straightforward method to obtain the shear stress at 
the wall, provided the boundary layer is a one-component boundary layer not 
subjected to mass addition or to pressure gradients 
The third is a direct method in which a floating element is used to 
10 
obtain the friction force at the wall. This method is fairly difficult to 
apply, especially in flows where distributed surface mass addition takes 
place. 
The fourth technique uses an integral momentum equation to obtain 
the shear stress at the wall. If accurate velocity profiles are available, 
this is probably the most generally applicable method. This last method 
was used in the present investigation. 
11 
CHAPTER III 
PREVIOUS STUDIES DEALING WITH POLYMERIC DRAG-REDUCING ADDITIVES 
Studies with Pre-Mixed Solutions 
6 
In 19^8, Toms presented a classical paper entitled: "Some Observa-
tions on the Flow of Linear Polymer Solutions through Straight Tubes at 
Large Reynolds Numbers." In this paper, he described investigations of 
the flow rate-pressure drop relationship of a 0.01 percent (by weight) 
solution of polymethylmethacrylate in monochlorobenzene. Two pipes, O.^OU 
cm and 0.128 cm in internal diameter were used, and both the laminar and 
turbulent flow regions were studied. The results clearly showed that the 
presence of the polymer in the solvent decreased the flow rate in laminar 
flow, possibly due to an increase in viscosity. In the turbulent region, 
however, the flow rate increased with polymer concentration up to a cer-
tain optimum value. Later studies have confirmed that drag reduction in 
dilute polymer solutions, now called the Toms' phenomenon, is restricted 
to turbulent flow only. 
Many additional investigations of the dynamics of polymer solutions 
in pipe flow have s ince been made us ing var ious polymer-solvent systems. 
20 
Fabula investigated the flow characteristics of aqueous solutions of six 
polyethylene oxides in a series of blowdown experiments. He was the first 
investigator to clearly recognize that only a few parts per million of the 
higher-molecular-weight polymers in water are sufficient to yield relatively 
large reductions in drag. A major complication in his studies was a rather 
severe mechanical degradation of the polymer molecules at high flow rates, 
21 
Hoyt and Fabula " conducted a study to evaluate the friction-reduc-
ing effectiveness of various water-soluble polymer additives. The investi-
gation was conducted in a rotating-disk apparatus. Most effective on a 
weight basis was polyethylene oxide. In additional pipe-flow tests, poly-
ethylene oxide gave drag reductions of more than ̂ -0 percent in an aqueous 
solution of 2 parts per million by weight (ppm) and of more than 75 percent 
at a concentration of 100 ppm. 
In order to elucidate the mechanism involved in the drag-reducing 
phenomenon, a few investigations have been made of the turbulent velocity 
22 
profiles. Shaver and Merrill studied the fluid dynamics of dilute solu-
tions of four different polymers in a recirculating pipe-flow apparatus„ 
The polymers were: sodium carboxymethylcellulose, ammonium alginate, car-
boxypolymethylene, and polyisobutylene. With the exception of the cyclo-
hexane solutions of polyisobutylene, all were aqueous solutions. At a 
given Reynolds number, the velocity profiles in the solutions were found 
to be less blunt than those in the base fluids. In addition, photographic 
studies of dye injections in the polymer solutions were made at the tube 
wall and in the center of the tube. These studies showed the occurrence 
of a thicker laminar sub-layer in the polymer solutions and a lower rate 
of vortex formation at the tube wall. Studies conducted by Elata, Lehrer. 
23 2k 
and Kahanovitz and by Pruitt and Crawford have confirmed that the 
presence of polymers substantially increases the thickness of the laminar 
sub-layer in pipe flow. 
25 Elata and Tirosh investigated the drag-reducing abilities of 
Separan AP 30 and guar gum in water. Using their experimental data and 
13 
those available in the literature for several kinds of additives, they 
concluded that drag reduction practically always coincides with a decrease 
-x-
in the universal constant k . Velocity profile data in aqueous solutions 
26 
of guar gum obtained by Wells show the same type of behavior. His data 
indicates that the slope of the logarithmic velocity profile (the Law of 
the Wall profile) was increased and that the mixing-length constant was 
consequently decreased compared with purely viscous behavior. Again a 
thickening of the viscous sub-layer was noticed. 
27 
Ernst measured velocity profiles in aqueous solutions of carboxy-
methylcellulose. The major effect of the polymer was found to be a linear 
upward shift of the velocity parameter in the universal Law of the Wall 
relationship. This indicated that the mixing-length constant had not been 
25 26 
affected, contradicting the findings of Elata and Tirosh and Wells 
The friction-reducing effects of dilute polymer solutions flowing 
in rough pipes were investigated by Lindgren . The experiments, conducted 
in the turbulent flow region, showed that friction reductions similar in 
magnitude to those obtainable in smooth pipes were attained. 
Couette flow of dilute polymer solutions has received some atten-
29 30 
tion. Shin and Lee investigated the drag-reducing effects of several 
polymers and concluded that the concentration of polymer required to attain 
a given fractional drag reduction varied inversely with its terminal re-
31 laxation time, as calculated from the theory of Rouse . The stability 
of this type of flow using dilute polymer solutions was investigated by 
See Equation (3 ) , page 7. 
Ik 
32 
Rubin and ElataJ . Dye-injection experiments showed that the critical 
Taylor number increased with concentration while the wavelengths of the 
vortex cells remained unaltered. 
2k 
Pruitt and Crawford studied the effect of friction-reducing addi-
tives on the hydraulic fluid MIL H-5606 A. It was found that friction re-
ductions as high as 60 percent could be achieved. Velocity profile data 
taken within 0.01 inch from the wall showed that the viscous sub-layer of 
the treated fluid is three to ten times thicker than that of the base fluid 
33 Wells and co-workers conducted turbulence measurements in a 0.05 
percent aqueous solution of sodium carboxymethylcellulose, and also in 
pure water for purposes of comparison. In this experimental study, the 
stream-wise component of turbulence was measured in pipe flow. It was 
found that the frequency-dependent turbulent energy spectra differ in that 
the low-frequency energy is less for the carboxymethylcellulose solution 
than for water. The reverse is true for the high-frequency energy. 
3^ Pruittj Rosen, and Crawford studied the effect of temperature on 
drag reduction. Testing aqueous solutions of polyethylene oxide (Polyox-
70l), polyacrylamide (K-PAM), and guar gum at four concentrations, rela-
tively little change in drag reduction was found from 35 F to 105 F. A 
substantial loss in drag reduction, however, became apparent from 105 F 
to 1^0° F. 
35 
Hoyt and Fabula conducted drag-reduction studies with a rotating-
disk apparatus to determine the effect of sea water on the performance of 
polymer additives. Friction-reduction data taken in simulated sea-water 
solutions of guar gum and polyethylene oxide agree very closely with those 
obtained in fresh-water solutions. 
Little measured flow birefringence in dilute polymer solutions. 
It was discovered that Polyox macromolecules continue to deform with in-
creasing velocity gradient in turbulent flow, even after alignment with 
the flow field. Also based on his experimental observations, Little sug-
gested that adsorption of macromolecules on solid-liquid interfaces may 
play an important role in the drag-reduction phenomenon. This adsorption 
34 
phenomenon has also been observed by Pruitt and co-workers 
37 
Virk studied the effect of polymer molecular weight and concen-
tration on the onset and extent of turbulent drag reduction in two pipes. 
Five molecular-weight cuts of polyethylene oxide were used, covering a 
range from 80,000 to 6,000,000. Concentrations varied from 0.1 to 10,000 
ppm. It was observed that for a given polymer-solvent system and pipe, 
the onset of drag reduction by the Toms' phenomenon occurred at a well-
defined threshold stress, independent of concentration over the range in-
vestigated. 
G-oren and Norbury summarized friction-reduction studies conducted 
at the University of Liverpool. These studies dealt with fully developed 
turbulent flow of Polyox WSR-301 in a 2-inch-diameter pipe. The mechanism 
of the flow was investigated by examining the friction drag, velocity 
profiles, and concentration distribution. It was found that the polymer 
was uniformly distributed over the pipe cross section. Even though the 
polymer was uniformly distributed, the additive was found to influence the 
flow only in the neighborhood of a solid boundary. There, the eddy vis-
cosity was found to be much lower than that of water. A critical Reynolds 
number, below which no drag reduction occurs, was established. It was 
found to be independent of concentration over the range investigated. The 
16 
maximum drag reduction obtained was 71 percent at a Reynolds number of 1.5 
s 
x 10 in a solution having a concentration of 10 ppm. The data tend to 
support the premise that k is not a universal constant. 
A few studies have been performed to evaluate the drag of bodies 
13 
moving through polymer solutions. Kowalski tested a flat plate and 
models of two ships in fresh water and aqueous solutions containing 10, 20, 
30, and 50 ppm of polyethylene oxide (WSR-301). The drag measurements 
5 6 
covered a Reynolds number range of 7 x 10 to k x 10 , based on length 
dimension. The models were towed at constant speed in a towing tank and 
the drag was measured by means of a force block. Reductions in resistance 
of up to 4̂-0 percent were attained. 
39 
Merrill, Smith, and Chung tested the drag-reducing capabilities 
of polyethylene oxide solutions (WSR-301) on two test bodies, one a flat 
plate the other a scale model of a torpedo. The concentrations investigated 
were: 0, 20, 50 j and 100 ppm. The test apparatus consisted of an open 
column equipped with photo-electric cells to measure the terminal velo-
cities of the test models. The models were placed on the bottom of the 
tank and were accelerated to terminal velocity by a system of counter-
weights. The drag on the flat plate was in all instances reduced, the 
terminal velocity increasing with increasing concentration. The drag on 
the torpedo model also decreased with increasing concentration up to a 
concentration of approximately 30 ppm. Then the torpedo suffered a drag 
increase. The explanation was advanced that addition of the polymer caused 
early separation, thereby increasing the form drag. 
ko 
Lang and Patrick performed drop tests in plain water and in poly-
ethylene oxide (Polyox WSR-301) solutions of 200 and 1,000 ppm to evaluate 
the drag of blunt bodies in polymer solutions. Results show that sphere 
drag was reduced by as much as 69 percent for the case of a 2-inch-diameter 
steel sphere in a 1,000 ppm solution of Polyox at a Reynolds number of 
1.4 x 10 , while the drag of other models (cones, disks, and cylinders) 
was at most only slightly reduced. Dyed-wake photographs of falling 
spheres showed that the additives could shift the point of boundary-layer 
separation in a rearward direction. It was also found that the additives 
produced an apparent decrease in turbulent mixing in the near wake. 
kl 
Ruszczycky conducted sphere drop tests in various aqueous solu-
tions of guar gum and Polyox WSR-301. Since the highest Reynolds number 
If 
reached was only 5.19 x 10 , all spheres experienced separated laminar 
flow only. Maximum reductions in the drag coefficient of 28 percent were 
achieved, under these conditions. 
Studies with Injection 
As was mentioned earlier, a few investigations have been made of 
drag reductions produced by injecting polymers into turbulent boundary 
layers. 
k2 
Vogel and Patterson evaluated the effect of injecting aqueous 
solutions of Polyox WSR-35* 205, and 301 into the three-dimensional bound-
ary layer of a streamlined model. The fluids were injected through a 
nose slot. Since the boundary layer was too thin to probe, only measure-
ments in the wake were performed. Preliminary results, using a hot-film 
probe, indicate a change in the mean square of the turbulence velocities. 
7 
Thurston and Jones developed a soluble drag-reducing coating. In 
a test program, the coatings were applied to the stagnation region of a 
torpedo-shaped t e s t model which was dropped in a drop-tank f a c i l i t y . By 
accurately measuring the time-distance re la t ionsh ip , reductions of approxi-
mately 18 percent in t o t a l model drag were obtained, corresponding to a 
reduction in f r i c t ion drag of approximately 30 percent. 
o 
Love made an experimental investigation of the effects of injecting 
polymer solutions into the turbulent boundary layer of a flat plate. It 
was found that ejection of the solutions through slots at the leading edge 
of the flat plate decreased its drag by as much as 50 percent. The media 
ejected from the flat plate were: pure water, dilute aqueous solutions of 
sodium carboxymethylcellulose, polyethylene oxide (Polyox WSR-301), and 
suspensions of neutrally buoyant, spherical polystyrene particles. Ejec 
tion of the polystyrene particles, not too much larger than the macromole-
cules, had no effect on the drag of the plate. 
Wells and Spangler investigated injection of drag-reducing fluids 
into water, in turbulent pipe flow. They found that the local pressure 
gradient could be reduced by an amount comparable to the flow of a uniform 
concentration when the fluid was injected in the wall region. When the 
fluid was injected in the turbulent core, no reduction in local pressure 
gradient occurred until the injected fluid had diffused into the wall 
22 23 2k lh 36 38 
region. This confirmed earlier findings ' J ' ' ? that the signi-
ficant changes in turbulent shear flow occur in the viscous sub-layer. 
9 
Forester and Francis formulated concentrated dispersions of water-
soluble polymers in non-solvent carriers. The polymer particles in such 
a slurry do not dissolve, but remain suspended as discrete particles and 
mixtures of relatively low viscosities result. The polymers investigated 
were: guar gum, polyethylene oxide, and polyacrylate. Carriers were: 
glycerin/isopropyl alcohol and polypropylene glycol. Ten percent slurries 
were injected into turbulent water streams, and friction reductions as 
large as hty percent were measured with mixing times as short as 1.5 seconds. 
Baronet and Hoppmann investigated the drag on cylindrical bodies 
with spherical ends which were suspended coaxially within straight tubes. 
Dynamometers measured the drag in water and in aqueous solutions of Polyox 
Coagulant and Polyox WSR-35* In the investigation, polymer solutions at 
concentrations of 0.10, 0.25, 0.50, and 1.00 percent were injected into 
the water by a tube located transversely in the stream and ahead of the 
test model. Drag reductions of approximately 35 percent were attained. 
Explanations of the Drag Reduction 
Although the exact mechanism responsible for drag reduction in 
dilute polymer solutions is still far from understood, some progress has 
been made in developing a physical model. The earlier explanations cen-
kh 
tered on wall effects. Oldroyd postulated a solvent-rich layer near 
the wall which would cause effective slip. A photographic study of visco-
22 
elastic polymer solutions by Shaver and Merrill lends some support to 
this theory. However, instead of assuming a discrete annular layer near 
the wall, Shaver and Merrill assumed the existence of a viscosity gradient 
in turbulent pipe flow with a higher viscosity at the center than at the 
wall. It was hypothesized that the increasing viscosity with increasing 
distance from the wall would resist migration of vortices from the wall. 
This then would decrease the rate of vortex formation and lead to a de-
crease in the intensity of the turbulence fluctuations inside the boundary 
layer. One objection against these physical models is the fact that later 
20 
studies have shown that even extremely dilute solutions of polymers show 
appreciable reductions in friction drag. These solutions have viscosities 
indistinguishable for all practical purposes from those of the pure sol-
36 
vents. In 19^7? Little suggested that adsorption of polymer molecules 
on the wall may be involved in drag reduction which would remove some of 
22 23.2k 
the objections. He based his suggestion on accummulated evidence J "J i 
3I1 "5 P 
5 which indicates that drag-reducing effects apparently occur in the 
laminar sub-layer of the flow and on his experimental studies which showed 
# • 
unusually high values of Meyer's fluid-property parameter at low concen-
trations. 
Another explanation centers on hypothesized visco-elastic properties 
^5 of dilute polymer solutions. Ward and Atkinson were the first to advance 
this explanation in 19̂ -8. It was suggested that the elastic elements of 
the fluid store kinetic energy of turbulent fluctuations thus damping the 
turbulence and producing a lower Reynolds stress, conventionally denoted 
by - pu'v'. 
hG 
The theory of visco-elasticity was supported by Lumley who ex-
amined dissipation of turbulent energy in incompressible, isotropic fluids, 
k7 
and by Gadd who showed that dilute solutions of Polyox WSR-301 and of 
guar gum, not more than 60 ppm in concentration, show normal—stress dif-
ferences . 
^8 kQ 
Recently, Black ' proposed a new theory of wall turbulence which 
can explain drag reductions when a visco-elastic coupling agent is pre-
sent in the wall-layer region of the fluid. Supported by visual studies 
The reader is referred to Equation (ll), page 23. 
21 
conducted by Kline and colleagues ' , he concluded that the classical 
division of the instantaneous motion into mean and turbulent components is 
inadequate. Instead, Black considers instantaneous flow as the sum of 
two unsteady periodic motions. One of these motions (the primary motion) 
is a large-scale, low-frequency, organized motion which is attached to the 
wall and which is described deterministically by the time-dependent equa-
tions of motion. The second (secondary) motion consists of random, high-
frequency turbulent elements or eddies which are detached from the wall 
and which rotate in the primary motion with no direct interaction. This 
motion can only be described on a statistical basis. Thus, Black envi-
sions turbulent shear flow as a time-dependent viscous phenomenon which Is 
continuously striving to return to the laminar state, but is prevented by 
a periodic breakdown due to instability excited by the ambient turbulence. 
The periodic breakdown is accompanied by violent ejections of fluid from 
the wall in localized jet-like motions, which are believed to relieve vis-
cous stress build-up in the sub-layer. It is thought that a visco-elastic 
material in the boundary layer will store quantities of elastic energy 
during high transient rates of shear and then release it at a rate depend-
ing on the elastic relaxation time in the fluid. In this manner some of 
the energy which is normally transferred to the mixing jets in primary 
motion breakdown is fed back into the primary motion during the period of 
viscous development. This procedure would reduce the rate of turbulence 




It is useful at this point to consider some empirical relationships 
which have been developed for flow of dilute polymer solutions. It should 
be noted that the relations do not imply existence of any sort of physi-
cal mechanism, and that the expressions are strictly applicable only to 
the polymer-solvent systems for which they were developed, under the 
operating conditions specified in the references. 
kk 
Oldroyd has derived an expression for the pipe flow of dilute 
SO SI 
polymer solutions by altering the von Kcirman-Nikuradse ' relationship. 
The original relation, valid for turbulent pipe flow of Newtonian fluids, 
is : 
= U.00 log Re J~c 
'f 
- oAo (9) 
To extend this expression to the flow of dilute polymer solutions, Oldroyd 
took two factors into consideration; namely, that the viscosity of these 
solutions is a function of the rate of shear and the suspected presence 
of a wall effect. It was assumed that the limiting value of the viscosity 
at high rates of shear, JJ, , adequately described the flow situation. The 
wall effect was treated quantitatively by replacing the volumetric rate of 
2 
discharge, Q, by Q-TTR V , where v is the effective slip velocity at the 
wall. Then Equation (9) becomes: 
y ^ 
= U.00 log R 2 J^f •xo + U 
'p/N. Re f^7 
R 
, (10) 
where N_ = Modified Reynolds number, N = —— ^ - . By introducing the 
Re Re 
function / into the von Ka^rman-Nikuradse equation, the unknown phenomena 
operating in tube flow of dilute polymer solutions are lumped in one term. 
It is obvious that in all eases where reduction in friction occurs, the 
function /" must be positive. 
52 
Meyer has suggested the following equation to describe the flow 




log Re / T 
where: o> = a fluid-property parameter. 
Little determined the value of the parameter a for the following 
four Polyox compounds: WSR-35, WSR-205, WSR-301, and Coagulant. The re-
sulting relationship was: 
01 = 
83^ 0, + 2^0 Cr 




where: C^ = critical concentration as defined by Shin . 
Cr 
23 Elata and co-workers have proposed an equation similar to that 
of Meyer, namely: 
* 29 
Shin has defined a critical polymer concentration which divides the 
dilute and concentrated regimes. The critical concentration according to 
this principle is reached when the polymer molecules, having been assigned 
an effective spherical diameter which is of the order of magnitude of its 
root-mean-square end-to-end distance, are brought to a spherical packing 
of 7̂ - percent with 26 percent void volume. When the concentration is less 
than the critical value, the polymer solution may be considered dilute. 
= 2.0 log Re /J~cZ - 0.8 + -§= lo* 
Cf 
T ° X 
w max (13) 
where: X = largest relaxation time of the polymer molecule in the max to -f J 
37 
fluid. 
Virk^' has observed that the onset of drag reduction in a given 
pipe and polymer-solvent system occurs at a well-defined point. Drag re-
duction in turbulent flow of dilute polymer solutions is initiated at a 
constant value of the product D k\ , which is physically the ratio of 
m d 
macromolecule to dissipative eddy size. The best present value for D kn 
* m d 
is approximately 0.0025, which was obtained from data on polyethylene 
oxides in water. In this expression, k is defined as the wavenumber 
where the dissipation is a maximum: D is the characteristic diameter of 
m 
the macromolecule which is twice its root-mean-square radius of gyration. 
The onset hypothesis can ideally be used to determine when a gives 
macromolecule will produce a reduction in drag. Using the value of 0.0025 
for D k and making the necessary conversions in 






53 Virk, et al. obtained 
• 
w 
= p 0.625 x 10 R 
G I 
(15. 
This expression is dimensional and the following units must be used: 
r 
T a = wall shear stress at the onset of drag reduction, dynes/cm' 
w 
Q 
p = solvent density, gms/cm 
2 
v = kinematic viscosity, cm /sec 
o 
R = Root-mean-square radius of gyration of the macromolecule, A 
G 
5^ Ram and co-workers concluded that a critical Reynolds number 
exists for each polymer,below which no friction reduction occurs. This 
Reynolds number can be calculated from 
Re^T-B U^- . (16) 
V max 
55 Fabula, Lumley, and Taylor questioned the hypothesis of Virk that 
the threshold stress is reached when the smallest significant scale of 
turbulence near the wall becomes small enough with respect to the coil 
diameter of the macromolecule. They concluded that the magnitude of this 
scale ratio was incompatible with present turbulence knowledge. Instead, 
they related the threshold stresses to rnacromolecular-coil characteristics 
Data obtained by Virk and Giles , however, indicate that Virk's rela-
tionship allows a much better fit of the data. 
CHAPTER IV 
EXPERIMENTAL APPARATUS AND PROCEDURES 
Experimental Apparatus 
Water Tunnel 
To conduct the investigation, a water tunnel was built in the 
School of Chemical Engineering, Georgia Institute of Technology. A 
photograph of the tunnel is given in Figure 1 and a schematic diagram 
is presented in Figure 2. The apparatus was a single-pass, continuous-
flow, low-speed water tunnel consisting of an inlet section, a test sec-
tion, and an exit duct, all constructed of 0.250 inch aluminum plate. 
Water entered the apparatus through a 3 inch polyvinyl chloride pipe 
(Schedule 8o) which originated at the bottom of a 500 gallon stainless 
steel overhead tank. This tank received water from a main line and dis-
charged a major portion through the test section. The remainder of the 
water was discharged to a 500 gallon receiving tank through an overflow 
line, centered at 5̂ .5 inches from the bottom of the overhead tank. In 
this manner, a constant head of approximately l6.6 feet was provided at 
the test apparatus. The water leaving the exit duct was discharged 
through a 3 inch polyvinyl chloride pipe to the receiving tank which 
emptied into a drain. 
The 8.0-feet~long inlet section of the apparatus diverged from a 
2.9 x 2.9 inch cross-sectional area to an area 6.0 x 12.0 inches in cross 
section. This section was designed such that the maximum angle between the 
Figure I . Experimental Apparatus. 
* . TAP WATER 
WATER 
CONSTANT HEAD TANK 
WATER 












CYLINDER TO DRAIN 
Figure 2. Schematic Layout of the Experimental Apparatus. 
29 
diverging walla was less than seven degrees to prevent separation and to 
x-
maintain uniform flow . 
The test section, bolted to the inlet duct, was rectangular in 
cross section. It was 8.0 feet long and had an internal area of 7.0 x 12.0 
inches. The bottom of this section carried an insert which served to dis-
tribute the injected fluid uniformly over the last half of the channel. 
The insert consisted of a 0.375-inch-thick aluminum plate, 96-0 inches 
long and 12.0 inches wide. The first k-6.5 inches of this plate were 
covered with a sheet of 0.625-inch-thick aluminum. The top surface of 
the remaining ^9-5 inches accommodated 0.75-inch-wide strips of 0.125-
inch-thick aluminum which supported a 0.50-inch-thick porous plate, manu-
factured of rigid, high-density, linear polyethylene by the Porex Corpora-
-x-x 
tion . This porous plate contained 30-micron pores and had a 200 micro-
inch surface finish which was hydraulically smooth. It was attached to 
the aluminum strips with 0.125 inch stainless steel machine screws with 
countersunk heads. 
The space between the porous plate and the aluminum was connected 
to a i+0.0 liter aluminum container by means of three 0.250 inch lines, 
each provided with a needle valve. These lines terminated into one 0.250 
inch line which was connected to the bottom of the container through a 
Fisher and Porter flowmeter, Model 10A'LH36 HD LK equipped with a 2L-150 
x-
Chemical Engineers' Handbook, edited by J. H. Perry, McGraw-Hill Book 
Company, Inc., Hew York, Third Edition, p. 388 (1950). 
•xx-
Porex Materials Corporation, Fairburn, Georgia. 
30 
tube and a glass float, with a capacity of 0 to 1200 mls/min. Selection 
of three connecting lines was based on dye experiments which had shown 
that one or two lines provided non-uniform injection. 
The container, equipped with a relief valve, was pressurized by a 
nitrogen cylinder to eject the drag-reducing solution through the flow-
meter and the porous plate directly into the boundary layer on the bottom 
surface. The test section contained two horizontal windows of plexiglass 
to facilitate initial adjustment of the probes. Two 12 volt light bulbs 
opposite and facing the plexiglass windows provided illumination. 
The test section terminated into a 20.0-inch-long duct which con-
verged from a 6.0 x 12.0 inch cross-sectional area to an area with a 
cross section of 2.9 x 2.9 inches. The water discharged from this section 
into a 500 gallon stainless steel tank through a 3 inch polyvinyl chloride 
pipe. The tank emptied into a drain. 
With a water supply limited to approximately 170 gpm, it was de-
cided to increase the flow of water in the channel in order to obtain more 
accurate measurements of the local velocities. The bulk flow rate of the 
main stream was increased by installing a section of rigid styrofoam 
backed with a sheet of aluminum in the top of the test section. This in-
sert was 3.20 inches thick, 12.0 inches wide, and 96.0 inches long. 
Appropriate holes were provided to allow passage of the velocity probe 
into the channel. 
Boundary-layer measurements were made with the probe assembly shown 
in Figure 3. This assembly was supported by an aluminum track, h.5 inches 
wide by 96.0 inches long, which was attached to the top plate of the test 
section. This track contained eight ports located 6.0 inches apart, 
Figure 3. Probe for Measuring Veloci ty and Concentration Profiles. 
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starting at a distance of k&.O inches from the inlet of the test section. 
Boundary-layer measurements at selected locations were made by probing 
through these ports. 0-ring seals around the probe prevented water leak-
age from the test chamber. To obtain measurements in a vertical direction> 
a micrometer drive was employed to raise or lower a slide to which the 
probe was attached. The probe itself was constructed from 0.125-inch-
diameter stainless steel tubing. Its tip was fabricated from 0.o65»dia-
meter stainless steel hypodermic tubing and telescoped into the bottom end 
of the larger tube. The probe tip had a 0.005 x 0.070 inch rectangular 
opening and was 0.010 inches high. Of the five probes that were made, 
the one having the most uniform opening was selected under a stereoscopic 
microscope at a magnification of 25X. This probe was used to conduct 
the measurements later described in this work. The top of the probe was 
connected to the differential-pressure cell during velocity measurements, 
or was left open to collect samples for concentration measurements. 
Differential-Pressure Cell 
To measure the relatively low differential pressures involved in 
this study, a Foxboro Type 15A Differential-Pressure Cell Transmitter with 
a range of from 0 to 2.h inches of water was employed. Air required to 
operate the cell was supplied through an air filter and a regulator. The 
regulator was adjusted to provide air at a pressure of 20 psi. The high-
pressure inlet of the differential-pressure cell was connected to the top 
of the velocity probe. The low-pressure side was connected to one of 
several static taps in the side wall of the channel. A balancing system 
was provided so that equal pressures could be applied to both inlets. The 
output of the cell was transmitted to a mercury manometer through a relay. 
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Polarograph 
To analyze samples taken from the channel, a Sargent Model XV 
Polarograph was employed. This instrument produces a continuous record 
of the current-voltage curve of a solution undergoing electrolysis between 
a dropping-mercury electrode and a reference electrode. In the present 
application, it was used to measure concentrations of polyethylene oxide 
in water by determining the height of the oxygen peak, according to a 
57 technique described by Goren and co-workers 
The Drag-Reducing Agent Selected for this Investigation 
The polymer selected for this investigation was polyethylene oxide 
(Polyox WSR-301), manufactured by Union Carbide Chemicals Company. The 
selection was based on the following considerations: 
(1) The chemical is one of the best drag-reducing agents presently 
known. 
(2) It is water soluble and the solutions are easily characterized, 
for example by intrinsic viscosity measurements. 
(3) It is relatively inexpensive and is available in commercial 
quantities. 
Polyox is one of the high-molecular-weight polymers of ethylene 
oxide, H-[0-CH„-CHo]-0-H. The lower members--n up to about 150--are known 
£- 2 n 
as polyethylene glycols. The higher members of the series, with n ranging 
from about 2,000 to 200,000 and more, differ considerably in properties 
from the glycols. They are called polyethylene oxides. Four different 
molecular-weight grades are manufactured. They are, in increasing mole-
cular weight: WSR-35, WSR-205, WSR-301, and WSR-Coagulant grade. 
3̂  
Polyethylene oxides are soluble in a number of common solvents, 
such as methanol, ethylene dichloride, chloroform, acetone, benzene, and 
others. Of special importance, however, is their solubility in water. 
All aqueous solutions of polyethylene oxide, even though dilute, evidence 
a considerable degree of polymer-solvent interaction. At concentrations 
of the order of 1 percent, a stringy consistency is produced and the solu-
tions are classed rheologically as pseudoplastic, i.e., the viscosity de-
creases in a reversible manner with increasing shear rate. Solutions over 
5 percent in concentration are elastic gels which show a yield point. 
Solutions of polyethylene oxide in water are characterized by a 
parameter called the intrinsic viscosity, [T|], which is defined as: 
L 1 = lim o ( } 
IJ C~* O CLL 
O 
It has been shown that a relationship exists between average molecular 
weight of the polymer in solution and its intrinsic viscosity. For poly-
ethylene oxide in water at 30 C, this relation is 
[71] = 1.25 x 10~U M°* 7 8 , (18) 
when [T|] is expressed in units of dl/gm. 
o 2Q 
At 25 G, Shin obtained a similar expression with a slightly lower.con-
stant having a value of 1.03. The relations hold over the molecular-weight 
range from somewhat below 10,000 to 10 million or more, and consequently 
cover the range of WSR-301 which has a maximum average molecular weight of 
about k million. 
Polyethylene oxide is a polyether and as such is subject to oxida-
tive attack. The polymer is also subject to degradation by shearing action. 
Possibilities of hazards in using Polyox resins seem to be remote. 
59 Standard feeding tests indicate that Polyox has a very low toxicity 
Viscosities of the aqueous solutions used in this investigation 
were measured at 76.0 F with a Cannon-Fenske viscometer having a range 
of from 0.6 to 1.6 centistokes. The solution concentrations were: 0, 25.0, 
50.0, and 150.0 ppm. It was found that all viscosities agreed within 1.5 
percent. The intrinsic viscosity of the injected solutions was measured 
as 16.98 dl/gm which indicated an average molecular weight of 3-8 x 10 
for WSR-301. This implies that no degradation of the polymer occurred dur-
ing preparation of the solutions. 
Procedures 
Prior to the experimental investigation, a short study was made to 
determine if any changes take place in the physical properties of the 
ejected solution, when it is forced through the porous polyethylene sur-
face. The properties examined were: concentration and intrinsic viscosity. 
It was found that no changes were effected. This indicates that no ad-
sorption of the polymer takes place and no mechanical breakdown of the 
macromolecules. 
In the experimental investigation, runs were made without mass addi-
tion, with water addition, and with polymer injections at various injection 
rates. In these runs, velocity profiles and, where applicable, concentra-
tion profiles were obtained at one or more of six stations located at ̂ 48.0, 
5^.0, 60.0, 72.0, 78.0, and 90.0 inches from the inlet of the test section. 
At each station measurements were made at 19 different vertical positions. 
The system was operated at the maximum capacity of 155 gallons of 
water per minute. In the runs without injections, measurement of the 
differential pressures was started almost immediately after the gate valve 
in the main line had been opened. The measurements were made with a Fox-
boro Differential-Pressure Cell Transmitter. The static pressure was pro-
vided by a l/32-inch hole in the wall of the test section adjacent to the 
dynamic probe. Since the meter was placed below the test section, the 
difference between the static and dynamic pressure with the water at stand-
still was zero, no matter where the probe was positioned in a vertical 
direction, because the same total head was applied to each connection of 
the pressure cell. With the main stream in motion, the difference in 
pressure between the static and dynamic connection was directly due to the 
velocity. Measurements were started at the porous surface, after the probe 
tip had been carefully located at this surface by visual inspection through 
the plexiglass windows. Measurements were continued until the differential 
pressure became constant. 
Before the injection runs were started, the necessary polymer solu-
tions were prepared by slowly adding the required amount of polyethylene 
oxide to Uo.O liters of tap water under gentle, manual agitation. The 
solution was usually left standing for at least 2 hours to allow complete 
dissolution of the additive. The solution was then poured into the ̂ +0.0 
liter container. 
The injection runs were started by providing water to the channel 
and pressurizing the storage container to approximately 25 psi. The float 
of the flowmeter was then adjusted to the desired rate. No difficulties 
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were experienced in maintaining the injection rates for the duration of 
the runs. Approximately 15 minutes "were allowed to let the system reach 
equilibrium, then the differential-pressure measurements were started. 
To obtain concentrations of polyethylene oxide in the boundary 
layer, samples of approximately 25 mis were withdrawn through the probe. 
One axial location, station 6, was probed at three different injection 
rates: 60.0, 13̂ t-»0, and 537.0 mls/min. The concentration of the injected 
fluids was 50.0 ppm. Time allowed for sample taking varied from approxi-
mately k minutes at the wall to about 1 minute near the edge of the 
boundary layer. The samples were withdrawn at these slow rates so as not 
to disturb the flow field and were analyzed by a polarographic technique, 
The polarographic technique, invented by Heyrovsky in 1922, is 
based on determination of the current flow when a solution containing oxidiz-
able or reducible substances is electrolyzed in a cell. The apparatus in 
which the analysis is conducted, called a polarograph, is shown schemati-
cally in Figure h. The solution to be analyzed is placed in the polaro-
graphic cell and a few drops of mercury are added. This relatively large 
pool of mercury forms the references electrode of the cell and is connected 
to one terminal of the polarograph. The other electrode in the solution is 
a dropping-mercury electrode, consisting of a very fine-bore capillary 
tube, which produces small drops of mercury just beneath the surface of 
the solution. The capillary tube is connected by flexible tubing to a 
mercury reservoir. 
In operation, a variable voltage is impressed on the cell. As the 
voltage is increased from zero, the current remains nearly constant until 
a voltage is reached at which a component of the solution is reducible at 
û ~* 
POTENTIAL AGAINST MERCURY ELECTRODE 
POLAROGRAM OF TAP WATER CONTAINING DISSOLVED OXYGEN 
DROPPING-









SCHEMATIC DIAGRAM OF POLAROGRAPH 
Figure 4. Schematic Diagram of Polarograph and Polarogram of Tap Water. 
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the mercury cathode. The current then rises sharply to a new level. The 
current, measured as the drop potential across a fixed resistor, is re-
corded as a function of the voltage applied. In this manner a current-
voltage curve, called a polarogram, is obtained. The height of the 
current wave is proportional to the concentration of a substance and the 
corresponding voltage indicates its nature. 
It has been found that dissolved oxygen acts as a depolarizer of 
the dropping-mercury electrode in the following reaction: 
| 02 + 2e + H20 - 2 OH" , (19) 
and a polarogram of tap water which contains some dissolved oxygen has 
the form shown in Figure k. The reason for the maximum is still the sub-
ject of discussion but, from the analytical point of view, the important 
feature of it is that it can be suppressed by adding small concentrations 
of surface-active agents to the electrolyte. Polyox is a surfactant suit-
able for suppression of the oxygen maximum, and the method developed by 
57 
Goren, et al. utilizes suppression of the oxygen wave to determine con-
centrations of polyethylene oxide. In the present analysis, the following 
procedure was used. Five mis of sample were mixed with five mis of a 
0.002 normal KC1 solution, which had been saturated with oxygen and then 
left exposed to the atmosphere for approximately six hours. The solution 
was poured into a Sargent polarographic cell and approximately 1 ml of 
mercury was added. A voltage range of 0 to -1.0 volt was applied to the 
Cell at two different current sensitivities. For samples containing up to 
^0 
6 ppm, a sensitivity of 0.150 p,a/mm was used, while for higher concentra-
tions the sensitivity was changed to 0.0̂ -0 |aa/mm. Using samples of known 
concentrations, a calibration curve had been prepared by plotting the 
height of the oxygen peak as a function of concentration of polyethylene 
oxide. Using this calibration curve and the peak height of any unknown 
sample, its concentration could be determined. It is believed that the 




Derivation of Equations 
In this investigation it was desired to determine the effect of 
injections on the shear—stress distributions and on the wall shear 
stresses. Integrated boundary-layer equations were used which allowed 
calculation of these parameters in a binary boundary layer from measured 
velocity profiles. In the derivation, the following well-known, turbulent 
boundary-layer assumptions were made: 
(1) The flow is steady, i.e, ^— = 0, ^— = 0. This is strictly 
at ot 
applicable for laminar flow but applies to turbulent flow if 
mean velocities are considered. 
(2) The velocity v is much smaller than the velocity u, so some 
terms which involve v are of such an order of magnitude that 
they may be neglected. 
(3) ££ is independent of y. ox 
A control volume was considered of length Ax, height y, and unit 
width as shown in Figure 5« The equations of mass and momentum conserva-
tion can then be written as: 
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(25) 
This expression gives the shear-stress distribution in a compressible, 
turbulent boundary layer subjected to distributed surface mass addition. 
To obtain the shear stress at the wall, the boundary conditions at 
y = 8: T = 0, u = u can be substituted in Equation (25) to obtain 
du^ ( i f * H I* P 
T = 6p u - p v u + u — \ pudy - — pu dy . (26) 
W ^ c o o o d x
 r
W W °° » dx J ^ dx J
 r 
Equation (26) can be re-arranged to give 
T,,= h I pu(u„-u)dy - p w v -
+ c s r 6 p co u » - 1 p u d y • (27) 
This relationship gives the shear stress at the wall. It has been derived 
previously in a slightly different manner by Eckert and Drake 
Calculations 
Velocity profiles at various axial locations were obtained by mea-
suring pitot pressures with a Foxboro Differential-Pressure Cell Trans-
mitter, as was described earlier. Before and after each run, the balance 
pressure, i.e., the pressure reading with equal pressures applied to both 
sides of the twin-diaphragm capsule, was measured. Pitot-pressure read-
ings were obtained by closing the balancing valve, thereby connecting the 
static pressure to one side of the capsule and the dynamic pressure to the 
other. The signal from the differential-pressure cell was fed into a 
mercury manometer. The readings were used to calculate the local mean 
velocities by 
u = 2W%rnP > <28> 
where 
P = output pressure, inches of mercury 
P = balance pressure, inches of mercury. 
Br 
The velocity data were used to obtain: 
(a) Boundary-layer thicknesses. 
(b) Free-stream ve loc i t i e s . 
(c) Wall shear s t r e s ses . 
(d) Shear-stress d i s t r ibu t ions . 
(e) Universal velocity d i s t r ibu t ions . 
Concentration data were obtained in the form of polarograms with 
peaks representing the oxygen wave. These peaks were measured with a 
scale. Using known concentrations, a calibration curve was prepared show-
ing suppression of maximum current versus concentration of polyethylene 
oxide in aqueous solutions. With aid of this calibration curve, concen-
trations of samples taken from the channel were determined. 
Most of the calculations were performed on a Burroughs B-5500 
2 
computer to speed up the data reduction. Values of u, pu, pu , and 
pu(u -u) were calculated and printed for y values of from 0.000 to 0.100 
in steps of 0.010, and from 0.100 to 1.^00 in steps of 0.100. These 
values were used to determine the behavior of the parameters to facilitate 
curve fitting in later programs, and also to obtain free-stream velocities 
and boundary-layer thicknesses. 
Free-stream velocities at the various axial locations were ob-
tained by selecting the value where u became essentially constant. Since 
values of pu(u -u) were available as functions of y, it was decided to 
use this parameter as a criterion for obtaining boundary-layer thicknesses. 
As the edge of the boundary layer is approached, this parameter is asympto-
tic to 0. In our case, the boundary-layer thickness was fixed at the 
p 
value where u = 0.99 "s <> or where pu(u -u) = 0.0099 pu 
In many of the calculations to follow, values of the integrals 
2 
from 0 to y of pu, pu , and pu(u -a) were required. The procedure used 
to obtain these integrals was to develop equations approximating the para-
meters by means of a leas L-squares fit and to integrate these equations 
to obtain expressions containing the independent variable y. By substitut-
ing various values of y, the values of the integrals were calculated. 
In a first attempt, ,J polynomial of the tenth degree, I = A + A y 
+ A y + ... + A y ' was selected. The result was a curve which oscillated 
about the experimental curve and crossed it ten times. This indicated that 
the exponents in the expression were too large to give a proper fit. A 
careful examination of the data showed that an excellent fit could be ob-
.,-.,-,. . . -r A A 0.06 .0.12 tamed by using the following equation; I = A + A y + A y 
n i ft 
+ A y ' + ... . Even so, it was found necessary to delete the bottom 
portion of the curve that corresponds to the laminar sub-layer. Since 
this was practically a straight line covering a distance of only 0.02 
inches, no problems were encountered. The areas under the curves could 
be approximated by triangles which were, in all cases, added to the inte-
gral values. 
Using the latter expression, a computer program was written to 
calculate the integral values, mentioned earlier, in a step-wise fashion. 
This program is presented in Appendix A„ Initially, an equation with 11 
coefficients was tried. This produced a coefficient matrix which was 
singular and all coefficients became zero. The procedure was then modi-
fied to lower the degree of the polynomial by one until the matrix became 
non-singular. The highest acceptable degree found in this manner was five. 
To determine the accuracy of the fit, several measured velocity profiles 
were compared with the approximations. In all cases, the two curves were 
practicahly indistinguishable„ In addition, expressions of the second 
and third degree were tried. Of these, the third-degree polynomial pro-
vided just as good an approximation as the fifth degree, and was used 
in successive calculations„ A sample of the computer output is presented 
in Table 1 of Appendix A, 
To calculate the wall shear stress. Equation (27) was used. First, 
values of the integral pu(u -u) were plotted as a function of the axial 
distance x for each injection rate. It was found that the curves through 
the data points could be approximated by straight lines giving a constant 
slope at each axial location. The term p v u was obtained by dividing 
the injection rate p v A by the area of the porous plate, and multiplying 
w w 
this by the local free-stream velocity. 
The s h e a r - s t r e s s d i s t r i b u t i o n s in the boundary l aye r a t s t a t i o n 6 
were c a l c u l a t e d wi th Equation (25) for the var ious i n j e c t i o n r a t e s . The 
2 
integral values of pu and pu were plotted as functions of x, one value 
for each y value. Slopes were then drawn to the curves at station 6. 
With the skin-friction values known as functions of axial distance 
and injection rate, the velocity data were used to calculate the dependent 
• * 
variable —^ and the independent variable — -- in the Law of the Wall ex-
u v 
pression. These calculations were also performed on a Burroughs B-5500 
compute!. The value of the kinematic viscosity, v, was the value given 
6.1 -2 2 -5 2 
by Bird and co-workers ' : 1.0037 x 10 cm /sec or 1.080̂ 1 x 10 ft /sec. 
CHAPTER VI 
DISCUSSION OF RESULTS 
Preliminary Considerations 
In all test runs reported in this investigation, the bulk flow rate 
of the liquid moving through the test section was constant at a value of 
approximately 155 gpm. Although a globe valve was provided at the channel 
inlet for adjustment of the flow rate, in case of changes caused by drag-
reducing additives, it was not needed for this purpose. After estimating 
the various resistances in the system, the reason became clear. Table 2 
shows that the major losses occurred in the 3.0 inch plastic pipe, the 
five elbows, and in the globe valve. These three resistances contributed 
approximately 80 percent to the total and were essentially unaffected by 
drag-reducing effects. The one resistance which was primarily influenced 
was friction in the channel which added only approximately 0.1 percent to 
the total resistance in the system. Any changes in it were too small to 
cause changes in the bulk flow rate, which was checked in each test run 
by measuring the free-stream velocity at station 0, upstream of the porous 
plate. 
The following fluids were injected into the main stream: water, 
and aqueous solutions of polyethylene oxide at concentrations of 25.0, 
50o0, and 150.0 ppm. Water was introduced at a rate of 537.0 mls/min. 
The polyethylene oxide solutions were injected at one or more of four 
P v 
different rates of 60.0, 13^.0, 268.0, and 537-0 mls/min, giving -^-^ 
^00 CO 
9̂ 
Table 2. Approximate Steady-State Mechanical Energy 
Balance on the Experimental System 
Equation: 
A \ <u> + gAh + I r d p + g c w + I ( * < u > 2 i c f ] + £ ( * 
. \ xl . . \ 
2 
<u> e = 0 
Head Available 16.6 ft or 53^.5 ft /sec 
Head Used 
(a) friction in plastic pipe 
(b) conversion into flow energy 
(c) friction in channel 
(d) 5 ells 
(e) 1 gate valve (open) 
(f) 1 globe valve (partially closed) 
(g) sudden contraction (overhead tank) 
(h) sudden expansion (lower tank) 
(i) slow expansion 
(j) slow contraction 
(k) sudden contraction due to styrofoam 
T o t a l 
5 7 . 1 f t 2 / s e c 
30.1+ 
0 . 5 
1 0 6 . 1 
6 . 1 
261+.0 
1 3 . 7 
30.1+ 
1 3 . 0 
1 3 . 0 
0 . 2 
2 
53!+. 5 f t ' / s e c 
2 
T h i s v a l u e was o b t a i n e d by s u b t r a c t i o n . I t i s s l i g h t l y h i g h e r 
t h a n t h e amount c o n t r i b u t e d by an open g l o b e v a l v e which i s 2 3 0 . 0 . 
The v a l u e s of e were o b t a i n e d from R e f e r e n c e 6 l . 
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values of 0.62, 1.38, 2.755 and 5.51 x 10 , respectively. 
All computations performed in this investigation were based on 
measured mean-velocity profiles. Consequently, it is important to dis-
cuss the errors inherent in measurements of local mean velocities. These 
errors are: 
(1) Error in the probe position. With the micrometer drive used 
in this investigation, the error in the probe location is believed to be 
less than 0.0005 inch, which represented one-half of a scale division on 
the micrometer. 
(2) Viscous effects. At low probe Reynolds numbers, i.e., the 
Reynolds number based on probe height, the viscous effects in the fluid 
increase the stagnation pressure inside the probe. At the lowest velocity 
measured in this investigation, this Reynolds number was approximately 35? 
giving a correct velocity reading according to an investigation performed 
62 
by MacMillan . At the highest velocity measured, 1.67 ft/sec, the probe 
Reynolds number was 220 which made the indicated velocity approximately 
0.2 percent low. 
(3) Effective displacement of the center of the probe. A total 
pressure probe placed in a fluid with a transverse velocity gradient ex-
periences a displacement of the effective center of total pressure from 
the geometric center. This displacement for the present probe dimensions 
was about 0.00U inches in the direction of the region with the higher 
63 velocity, according to a study by Young and Haas 
6k 
(k) Effect of the turbulence level. Goldstein has shown that 
dynamic probes in turbulent flows do not give an exact indication of the 
total pressure due to the effect of velocity fluctuations. The result is 
an increase in the dynamic pressure at the tip of the probe. 
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(5) Effect of the hole dimension of the static tap. Shaw investi-
gating the influence of hole dimensions on static pressure measurements 
concluded that the observed static pressure was always greater than the 
true static pressure. In the present investigation, the diameter of the 
static tap was 0.031 inches, and the effect is therefore believed to be 
negligible. 
(6) Possible viscoelastic effects. Although it has not been de-
finitely proven that the very dilute solutions of polyethylene oxide con-
sidered in this investigation are viscoelastic, the possibility cannot be 
excluded. If this type of solution were found to be viscoelastic, the 
simple Bernoulli expression used in calculating velocities from differ-
ential-pressure measurements could no longer be used without correction. 
Since the errors in the magnitude of the local mean velocities are small, 
it was decided to make no corrections in the velocity readings and to 
just list them in Appendix B for individual interpretation. 
Analysis of the Data 
The velocity profiles on which the conclusions in this investigation 
were based are presented in Appendix B, Tables 3 through 9- Table 3 lists 
the profiles without mass addition. The velocity profiles with addition 
of water at a rate of 537.0 mls/min are given in Table k. Tables 5? 6, 7, 
and 8 present the profiles in the boundary layer subjected to addition of 
aqueous solutions of polyethylene oxide at concentrations of 50.0 ppm and 
at rates of 60.0, 13^.0, 268.0, and 537.0 mls/min, respectively. Table 9 
gives the velocity data obtained during injection of polyethylene oxide 
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solutions having concentrations different from 50.0 ppm. 
Although some scatter in the data occurred primarily due to low 
velocities, the folio-wing observations were made. In the runs without 
mass addition, the velocity profiles became less blunt in the axial 
direction. This trend was expected since the boundary layer--the region 
of lower-velocity fluid--Increased with axial distance. To maintain the 
same bulk flow rate, the free-stream velocity had to increase. 
The velocity profiles with add.ition of water at a rate of 537.0 
mls/min were very similar to those without mass addition. This was ex-
pected since the injection ratio, i.e., the mass flux of the injected 
material divided by the mass flux of the main stream, was very small--5.51 
-5 
x 10 . 
The addition of aqueous solutions of polyethylene oxide made the 
velocity profile blunter at each axial location. The effect increased 
with •injection rate (up to 13̂ -. 0 mls/min) and with axial distance in the 
downstream direction of the channel. 
The effect of injection on the free-stream velocity is presented 
in Figure 6. It was found that, within 2.5 percent, all experimental 
values of the free-stream velocity could be represented by one curve. This 
applied to all of the cases investigated in this study. Actually, the 
presence of the polymeric additives should have caused a decrease in the 
free-stream velocity at a constant value of the bulk flow rate. However, 
this change was possibly too small for measurement with the present appara-
tus and instrumentation. The free-stream velocity over the measured por-
tion of the test section varied from I.58 ft/sec at the beginning to I.67 
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the boundary layer in the axial direction. 
The effect of injections on the boundary-layer thickness is shown 
in Tables 10 through ik of Appendix C, and graphically in Figure 7« The 
boundary-layer thickness without mass addition increased from 0.8l inch 
at station 1 to 1.27 inches at station 8. Within 2.2 percent, the 
thickness could be represented as a function of axial distance and Rey-
nolds number by the relation 
6 = 2^35_x ^ (29) 
Re 5" x 
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This relationship is similar to one presented by Schlichting for flow 
past a flat plate at zero incidence, except for the coefficient: 0.235 in-
stead of 0.37* This lower coefficient was also evident in a recent in-
16 
vestigation by Schraub and Kline , who studied the flow of water in a 
recirculating tunnel. The deviations from the flat-plate expression may 
be due to the geometry of the test section and possibly the pressure 
gradient. 
Figure 7 shows that all injections decreased the thickness of the 
boundary layer. Water injections at a rate of 537.0 mls/min decreased 
the thickness by a maximum amount of 11 percent. Injections of aqueous 
solutions of polyethylene oxide at 50.0 ppm continued to decrease the 
thickness with increasing injection rates, up to a rate of 13^.0 mls/min. 
The reduction in the boundary-layer thickness at that point was approxi-
mately 20 percent. Then a reversal occurred which was evident in many 
of the later results of this investigation. Similar reversals have 
6 
occurred previously; for example, in the studies of Toms , Goren and 
55 
IWJ.RA1E w w , ^5 x 10 CONG . 
SYMBOL mls/min o u 
rOO OD 
ppm 
0 0 0 0 
• 537.0 5-51 0 
A 60.0 0.62 50 .0 
a 13^.0 1.38 50 .0 
• 537-0 5.51 50 .0 
48.0 54.0 60.0 66.0 72.0 78.0 
DISTANCE FROM INLET, x -x -inches 
o 
84.0 90.0 
Figure 7. Effect of Injections on the Velocity Boundary-Layer Thickness. 
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qO J_l_o 
Norbury , and Baronet and co-workers 
A very important parameter in this investigation "was the effect 
of injections on the shear stress at the wall, since this would be the 
parameter to consider in cost evaluation studies and in commercial appli-
cations. It was interesting to consider compatibility of the present 
initiation of drag reduction with recent hypotheses. 
53 Virk and co-workers hypothesized that drag reduction is initiated 
when 





0.625 x l O u f , (15) 
where 
T = wall shear stress at the onset of drag reduction, 
w 2 
dynes/cm 
p = solvent density, gms/cm 
v = kinematic viscosity, cm /sec 
R = Rms radius of gyration of the macromolecule, A . 
Gr 
Since this expression is independent of concentration, it was felt that 
the relationship could be applied to the present investigation. Sub-
/ 3 -2 2, °* 
stituting: p = 1.0 gms/cm , v = 1.0037 x 10 cm /sec, and R = 2350 A , 
it followed that 
O 




This value of R was taken from Virk, et al. , p. 312. 
Gr 
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Virk and co-workers also obtained the following relat ionship to 




^ 210 cm -I (32) 
Substituting the values listed above and making the necessary conversions 
the shear stress at the beginning of drag reduction was calculated to be 




5^ According to Ram and co-workers , drag reduction is initiated when 
R e n r f £ D - / M J (16) 
or when 
c f £ 






Replacing D by the hydraulic diameter D , and with Re = 513900, v = 
xi 
EZ p O -X-
1.080^ x 10"^ ft /sec, X = 2.1 x 10° sec , and D - 0.379 ft, it follows 
that 
cf ̂  
H 
\2 8 
°-379 2 x 10 _ . 
(2.i)(i.o8oi0 - °-00^o 
(35) 
* 




c p <u> 
T = ̂  (36) 
2 gc 
r • ^ (0.00̂ 70)(62 k)(iMf = 0>OQ997 /ft2 ^ (37) 
w w 
The predicted values of the wall shear s t ress at the onset of drag 
reduction varied from a high value of 0.01^+9 to a low value of 0.0093 
2 
lb_p/ft . In the present investigation, drag reduction occurred at a 
2 
value of 0.0059 lh^/ft , which was considerably lower than the predicted 
30 
values. Little obtained similar low values with WSR-35 and WSR-205 in 
water. His experimental values were approximately 0.207 and 0.307? re-
spectively, of those predicted by Equation (l6) . In the present case the 
ratio was 0.592 which is in line with Little's findings, since the ratio 
seems to increase with molecular weight and WSR-301, used in the present 
investigation, has a higher molecular weight than WSR-205. 
The skin-friction values,based on the momentum-deficit values 
listed in Tables 15 through 19 of Appendix C, are shown in Tables 20 
through 2k and graphically in Figure 8. Without mass addition, the wall 
-3 -3 
shear stress varied from a value of 5-9 x 10 at station 1 to 5.8 x 10 
2 
lb /ft at station 8. From the generalized expression, which applies to 
flow past a flat plate, we calculated for station 1: 
0.0585 62.k 2 ,_ON 
































P V cr 
w w n ^5 x 10 CONG. 
SYMBOL mls/min p u ppm 
o 0 0 0 
• 537.0 5-51 0 
A 60.0 0 . 6 2 50 .0 
D 13^.0 1 .38 50 .0 
• 537.0 5-51 5 0 . 0 
54.0 60.0 66.0 72.0 78.0 84.0 
DISTANCE FROM INLET, x -x - inches 
90.0 
Figure 8. Effect of Infections on the Wall Shear Stress 
\ = n f xMm (1-581)2 = °-00"5 V"2 • (39) 
A comparison shows that the experimental value of the skin friction at 
station 1 is appreciably lower than the value calculated from Equation 
(38). An explanation is not obvious, but a similar behavior was evident 
l6 
in the study conducted by Schraub and Kline , referred to earlier. 
Figure 8 shows that injection of water at a rate of .537-0 mls/min 
-3 2 
reduced the skin friction drag to 5•85 and 5»5^ x 10 lb /ft at stations 
2 and 8, respectively. This amounted to a maximum decrease of 3.5 percent 
Injections of aqueous solutions of polyethylene oxide at 50.0 ppm gave 
maximum drag reductions of approximately 37 percent at station 8, for an 
injection rate of 13^.0 mls/min. Higher rates of addition lowered the 
amount of drag reduction. 
The effectiveness of distributive surface mass addition may be 
o 
seen qualitatively by considering the studies performed by Love , who 
investigated slot injections of polyethylene oxide solutions over a flat 
plate. A quantitative comparison is impossible because there are indica-
tions that the magnitude of the effect is dependent on the Reynolds num-
ber. Qualitatively, the results show that homogeneous addition is much 
more effective than slot injection per unit weight of injected polymer. 
A few exploratory test runs were made with injection of solutions 
having concentrations different from 50.0 ppm. This was done to determine 
if any gross differences in drag reduction occurred. In each of these 
6 
runs, the velocity profiles were measured and the values of J* pu(u -u)dy 
o 
were computed. These values were then plotted in Figure 9? which also 



















INJ.RA1E x 10 CONC. 
SYMBOL rnls /min rCO 00 ppm 
0 0 0 0 
A 6 0 . 0 0 . 6 2 5 0 . 0 
G 1 3 ^ . 0 1 .38 50 .0 
• 537-0 5 . 5 1 5 0 . 0 
e 1 3 ^ . 0 1 .38 2 5 . 0 
0 1 3 ^ . 0 1 .38 1 5 0 . 0 
• 537 .0 5 -51 2 5 . 0 
48.0 54.0 60.0 66.0 72.0 78.0 84.0 90.0 
DISTANCE FROM INLET, x - x - inches 
' o 
Figure 9. Effect of Injections on the Momentum Def ic i t in the Boundary Layer. 
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6PooUc» ~ J P u d ^ was p r a c t i c a l l y cons tant 
o 
at each station, and because the term p v u was very small, a different 7 rw w c 
o 
value of T would have required a change in the value of f 0'u.(n ~u)dy . 
w J c° 
With this and the limited number of runs in mind, the following conclu-
sions were drawn based on Figure 9: 
(a) Injection of 537.0 mls/min at 25.0 ppm gave practically the 
same skin friction as 13^.0 mls/min at 50.0 ppm-. 
(b) Injection of 13̂ -.0 mls/m.in at 150.0 ppm produced approximately 
the same drag as 537.0 mls/min at 50.0 ppm. 
(c) Introducing 13̂ -.0 mls/min at 25.0 ppm gave nearly the same 
value of T as 60.0 mls/min at 50.0 ppm. 
Therefore, it appe.ars that the amount of polymer injected per square 
foot of surface per unit time is the prime criterion in obtaining drag 
reduction. 
Shear-stress distributions in the boundary layer are presented in 
Tables 25 through 29 of Appendix C. The effect of injections on the 
shear stress is shown graphically in Figures 10 and 11. The distributions 
shown are for station 6. In all cases, the shear stress remained relatively 
constant in the laminar sub-layer, which had a thickness of approximately 
0.02 inches. When aqueous solutions of polyethylene oxide at 50.0 ppm 
were injected into the boundary layer, the largest reduction in shear 
stress occurred at the wall. Injection at a rate of 13^.0 mls/min pro-
duced a constant reduction of 37 percent throughout the boundary layer; 
reductions in shear stress at the other two injection rates decreased 
gradually as the edge of the boundary layer was approached. Inject-.ion of 
water at 537.0 mls/min, on the other hand, yielded the largest reduction 
i 1 1 1 i 1 1 1 r 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
DISTANCE FROM THE WALL, y - inches 
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INJ.RATE 
P V c: 
w w n ^ 5 x 10 C0NC. 
SYMBOL mls /min p u 
roo oo 
ppm 
o 0 0 0 
n 1 3 ^ . 0 1 .38 5 0 . 0 
o \ 
• 537.0 5-51 5 0 . 0 
o ^ 
° \ • 
D \ 
• \ 





I 1 1 1 1 1 1 1 1 N u •<? 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
DISTANCE FROM THE WALL, y - inches 
0.9 1.0 
Figure 11 . Effect of Injections on the Shear-Stress Distribution 
(Continued). 
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in shear stress at the outer edge of the boundary layer. The two largest 
injection rates examined in this investigation--537.0 mls/min--produced a 
curious result, both in the case of water injection and polymer addition. 
This is that the maximum shearing stress no longer occurred at the wall, 
but was displaced from it. The maximum shearing stress in the case of 
water injection occurred at a y value of 0.02 inch, whereas in the case 
of polymer addition the maximum was found at y = 0.05 inch. The reasons 
for the occurrence of these maxima were not clear, but, they have been 
68 6< 
noticed previously in the case of gas injections in air boundary layers ' ' 
Logarithmic velocity profiles are shown individually, one for each 
injection rate, in Figures 12 through 16 and combined in Figure 17. The 
data shown represent all stations investigated. The usual pattern was 
followed. Above a y value of approximately 10, a straight-line relation-
ship of u = l/k In y + C was attained. All of the mean-velocity profiles 
were combined in Figure 17. The important feature of this figure is that 
injections cause a linear shift of the non-dimensional mean-velocity pro-
files in an upward direction. This means that injection of polymeric 
additives does not cause a decrease in the universal constant k as sug-
25 26 
gested by Elata and Tirosh and by Wells . The results of the present 
27 52 
study agree with the findings of Ernst and Meyer . The data indicated 
that the laminar sub-layer thickness had increased with addition of the 
drag-reducing additives, possibly because it had become less sensitive to 
disturbances being impressed upon it from above. The results did not 
55 
support the contention of Fabula and co-workers that the buffer zone in-
creases in thickness with drag-reducing additives, since this would have 
resulted in lines with dissimilar slopes, at least for the lower values 
50 -
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Figure 12. Non-Dimensional Mean-Veloci ty Profiles. 
Injected Fluid: None. 
Injection Rate: — mls/min. Concentration: — ppm 
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Figure 13. Non-Dimensional Mean-Veloci ty Profiles. 
Infected Fluid: Water. 
Infection Rate: 537.0 mls/min. Concentration: — ppm 
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Figure 14. Non-Dimensional Mean-Veloci ty Profiles. 
Injected Fluid: Aqueous Solution of Polyethylene Ox ide . 
Infection Rate: 60 .0 mls/min . Concentration: 50.0 ppm 
CTA 
CO 
NON-D IMENSIONAL DISTANCE, ^ 
Figure 15. Non-Dimensional Mean-Veloci ty Profiles. 
Infected Fluid: Aqueous Solution of Polyethylene Ox ide . 
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Figure 16. Non-Dimensional Mean-Veloci ty Profiles. 
Injected Fluid: Aqueous Solution of Polyethylene Ox ide . 
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Figure 17. Effect of Infections on the Non-Dimensional Mean-Veloci ty Profiles. 
of y + . 
Table 30 in Appendix C p r e s e n t s the non-dimensional skin f r i c t i o n , 
T 2 p V 
, as a function of the injection parameter, . The functional 
T 3 ° 0 U C^ 
relationship, shown graphically in Figure 18, was based on the film theory 
described by Bird and co-workers , the principal result of which is: 
^-°) ("AAIWB) V A + NBWMB 
: = exp. — j 
2 PU»Cf 
1 + - - {kO) 
o 
This equation shows how the wall shear stress depends on the molar fluxes: 
NATT and .N_,TT. The dimensionless quantity on the right of Equation (ko) is 
AW JJW 
called the rate factor, since it varies directly with the mass-transfer 
rate. It is the abscissa used in Figure l8. The ordinate of this figure 
is a correction factor for the effect of mass transfer on the wall shear 
stress. Figure l8 shows that it varies almost linearly with the rate fac-
tor for injection of water. The correction factor for injection of the 
polymer solutions drops off sharply at first, shows an inversion, and then 
increases slowly with the rate parameter. 
Concentration data were obtained in the boundary layer at station 6 
during injection of aqueous solutions of polyethylene oxide at 50.0 ppm. 
In these measurements, it was impractical to take samples right at the 
surface because calculations, based on the highest injection rate and the 
inside diameter of the probe, had shown that it would take several hours 
to collect enough of a sample to run a polarographic analysis. The first 
samples were therefore collected at a distance of 0.001 inches from the 
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Figure 18. Non-Dimensional Skin Friction as a Function of the 
Injection Rate Parameter. 
of Appendix C. A graphical presentation of the data in Figure 19 shows 
the sharp drop in concentration in the laminar sub-layer--from 50.0 ppm 
at the wall to a few ppm at the edge. Although the data has not been 
plotted, Table 31 shows that the concentrations remained relatively con-
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^\8 • • 
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The results of this investigation may be summarized, as follows. 
1. A new technique for introducing drag-reducing solutions in the 
boundary layer was developed and investigated. This method, which employs 
distributed surface mass addition through a porous sheet of rigid, high-
density, linear polyethylene has proven to be very efficient. Drag reduc-
tions of up to 37 percent were attained while injecting aqueous solutions 
of polyethylene oxide at concentrations of 50.0 ppm. The injection ratio, 
PT
 v -5 
w , at this drag reduction was I.38 x 10 and the Reynolds number was 
±.zh x 10 . 
2. Although no extensive investigation was made of injections at 
concentrations other than 50.0 ppm, the data obtained for the injection of 
solutions of 25.0 and 150.0 ppm indicate that the weight of the polymer in-
jected per unit of time and unit area is the prime criterion in drag reduc-
tion. 
3. The onset of drag reduction occurred at lower values of the wall 
53 5I4. 67 
shear stress than predicted by present hypotheses > J . This agrees with 
Q/T 
the findings of Little who investigated similar drag-reducing agents. 
k. The shape of the velocity profiles was not influenced appreciably 
by injection of water at a rate of 537.0 mls/min. The effect of aqueous 
solutions of polyethylene oxide was to make the velocity profiles blunter 
at each axial location. This effect was found to increase with injection 
rate (up to 13^.0 mls/min) and with axial distance down the channel. 
5. The effect of injections on the free-stream velocity was 
essentially zero. 
6. The boundary-layer thickness decreased with injection of water 
and aqueous solutions of polyethylene oxide. Injections of water reduced 
the boundary-layer thickness by a maximum amount of approximately 11 per-
cent. Injection of the polymer solutions at concentrations of 50.0 ppm 
continued to decrease the boundary-layer thickness until an injection rate 
of 13^.0 mls/min was attained. The reduction in thickness at that point 
was about 20 percent. Then a reversal occurred and the boundary layer 
increased in thickness with higher injection rate. 
7. The shear stresses in the boundary layer were lowered by mass 
additions. Aqueous solutions of polyethylene oxide at concentrations of 
50.0 ppm produced the largest reduction at the porous wall, except at a 
rate of 13^.0 mls/min, which yielded a constant reduction of 37 percent 
from y = 0 to the edge of the boundary layer. Injections of water at 
537.0 mls/min, however, produced the largest shear-stress reduction at 
the outer edge of the boundary layer. The two largest injection rates 
examined in this Investigation--537.0 mls/min--produced a surprising re-
sult, both in the case of water injection and polymer addition. This was 
that the maximum shearing stress no longer occurred at the wall, but was 
displaced from it. The maximum shearing stress in the case of water in-
jection occurred at a y value of 0.02 inch, whereas in the case of polymer 
addition the maximum was found at y = 0.05 inch. The reasons for the 
occurrence of these maxima were not clear, but they have been noticed pre-
viously in the case of gas injections in air boundary layers ' . 
78 
8. The non-dimensional mean-velocity profiles were shifted 
linearly in an upward direction "by all injections considered in this in-
vestigation. This implies that injections of water and aqueous solutions 
of polyethylene oxide at 50.0 ppm do not cause changes in the universal 
constant k (the mixing-length constant) . These resu l t s agreed with the 
27 52 
findings of Ernst and Meyer , but contradicted those of Elata and 
Tirosh and Wells 
9. Concentration measurements were made in the transpired boundary 
layer while injecting aqueous solutions of polyethylene oxide at 50.0 ppm. 
Sharp drops in concentration were observed in the laminar sub-layer--from 
50.0 ppm at the wall to values of a few ppm at the edge. The concentra-
tions in the turbulent portion of the boundary layer were found to be re-




It is recommended that the following items be given consideration 
in future investigations of this nature. 
1. The feasibility of measuring wall pressure fluctuations to ob-
tain wall shear-stress values in turbulent boundary layers with and without 
mass addition should be evaluated. 
2. The feasibility of using the hydrogen-bubble technique to mea-
sure instantaneous velocity profiles in a two-component liquid boundary 
layer should be examined. 
3. The practicability of using a hot-film probe to measure mean 
velocities and velocity fluctuations in turbulent boundary layers subjected 
to distributed surface mass addition should be studied. 
k. Investigations should be extended to include higher bulk flow 
rates. 
5. Investigations should be continued to determine the exact dis-
tribution of additives in the boundary layer, with the object of optimiz-
ing the drag-reducing effect. 
6. The effect of stream-wise, adverse pressure gradients on the 
magnitude of drag reduction should be studied. 
7. The effect of surface roughness on drag reduction should be 
fully investigated. 
8. Combinations of tangential and normal injections should be 
studied. 
9. The feasibility of recovering a portion of the injected solu-






Appendix A presents a list of symbols and the Algol program written 
for the Burroughs B-5500 computer. This program computes velocities from 
differential-pressure input data. The velocities are used to calculate the 
folio-wing parameters at various values of y: 
y 
£U dy. pu 
2 I pu(u -u) 
dy, dy, and, p v u . 
W W 
Part of the output for Test Run 108 is shown in Table 1. 
List of Symbols for Computer Program 
A[l] Coefficient in polynomial 
Bl Balance pressure at beginning of profile measurement 
B2 Balance pressure at end of profile measurement 
B Average value of balance pressure 
C Concentration 
CI1 Correction of integral values at y = 0.010 inch 
CI2 Correction of integral values at y = 0.020 inch 
D Boundary-layer thickness 
F Value of integral under consideration 
Fl Value of integral from y = 0 to y = 0.020 inch 
G- Dimensional constant, g 
H Independent variable in polynomial used for curve fitting, 
H = Y0.0600
 & ? 
M Degree of polynomial 
W Number of data points 
PI Pressure in left side of manometer, inches of mercury above 
zero mark 




PU*2 pu2 (also PU2) 
Q, p v n/g 
W "W ' C 
R Injection rate 
S Distance from the wall 






W Dummy variable 
X Distance from the beginning of the test section 
Y Distance from the wall 
YL First data point used for curve fitting 
Z pu(u -U)/12 g 
Algol Program 
BEGIN 
FILE I N JJH1 IN ( 2 # ! 0 ) J 
F I L E O U T J J H 1 0 U T 1 6 ( 2 * 1 5 ) ; 
R E A L S * P I > P 2 > B I , B 2 > C * R , D * B , U M , X , V * W , Q , F , Y L * F L > C I I * C I 2 ; 




FORMAT HD(" Y U U/UM Z PU PU*2 QM//)J 08 
FORMAT HlO<" X Y VELOCITY")! 
FORMAT F 9 ( » Y L * "*F5.3*"INTEGRAL 0 TO YL= «*E15«5)J 
FORMAT F 1 ( F 5 . 3 # 4 F 6 . 2 # I 3 # F 8 . 1 # F 6 . 1 > F 7 . 3 > ) 




FORMAT KEYC wRATEa w#F8.1*" MLS/MIN"// 
WC0NCENTRATI0N« W*F6,1# WPPM-// 
"POSI M0N"*I3//)J 
FORMAT F4CF5,3*2F7,3,3F9.4,F1?,8)J 
FORMAT F 6 C F 7 . 3 # X 9 , F 6 . 3 # E 2 0 , 6 ) * 
FORMAT FMT6f" X Y INT 0 TO Y PU*2"//)J 
FORMAT F M T 7 f M X Y I N T 0 TO Y P U V / ) J 
FORMAT F M T 8 ( " X Y INT 0 TO D PUCUM-U) / G n / / ) \ 
FORMAT FMT5("Z*",2E15.6* » x H",E15o6," xH*2 wFl5.6*» X H * 3 " / 
rl5,6#" X H * 4 « * E 1 5 . 6 > " xH*5"pE15.6*" X M * 6 " , E 1 5 . 6 * * xH*7"/ 
Fl5.6»" X M * 8 W > E 1 5 . 6 * " xM*9">£ 1 5•6#" X M * 1 0 * / / > ) 
FORMAT FTT5( nU»"*?E15.6* " xHff# E 1 5 • 6> « xH*2 HE l 5 • 6* " XH*3 M/ 
Fl5.6#" XH*4"*E15.6#" xH*5"#E15.6»« xH*6«>El 5 . 6*" xH*7"/ 
Fl5.6#" X M * 8 " # E 1 5 . 6 * W xH*9w>El 5•6»" xH*10"//)* 
FORMAT FM5C"PUs",2Fl5,6# " X H " # F 1 5 .6»» xH*2"r15.6*" xH*3 H/ 
Fl5.6>" XH*4"#E15.6# W xH*5"*El 5•6** xH*6«*El 5.6*" xH*7"/ 
Fl5.6»" X H * 8 « # E 1 5 . 6 # W xH*9*>E15.6* n xH*10"//)J 
FORMAT F 5 ( " P U * 2 S " > 2 F 1 5 . 6 > " X H " * F 1 5 . 6 > " X H * 2 W F 1 5 . 6 * " XH*3"/ 
F15.6*" X M * 4 " * E 1 5 . 6 # w x4*5"*El 5c6*» xu*6»*E15 . 6*w xH*7"/ 






nuT4c Y t i i M j i c n ^ / * 7 i c T V P U H n ; P i i 2 i c i i i Q ) ; 





LI J READCJ 
T<-0; 
12i READCJ 
TF S = 5 
FLSE I 
ELSE R 




















p n s 










y c n < - s 
































3 . 0 0 THEN 
READCJJHlIN>F2,S*Pl*P2) 
J J H 1 I N * F 1 * S > P 1 * P 2 P B 1 * B 2 > P 0 S * R J > C # D ) ; 
THEN GO TO L6J 
THEN GO TO L3J 
N>CO>YL); 
2.036; 
SQRTC0 02x(CCPl+P2)/2.0 36)-8))l 
THFN X* 48,000 ELSE 
THEN X* 54 P000 ELSE 
THEN X* 6O0OOO ELSE 
THEN X*- 660OOO ELSE 
THEN X* 72,000 ELSE 
THEN X* 78.000 ELSE 





M GO TO L4 FLSE GO TO L5I 
600) 
1<-?<>32 x S Q R T ( 0 o 2 x ( ( ( P l + P 2 ) / 2 o 0 3 6 ) - 8 ) ) ; 




P U 2 2 C n * P U 2 i c n « - u u n x p i j u n ; 
Z 2 [ i 3 < - m n < - p u i [ n X C U M - U U I I ) ; 
Q*(3.259x{3>«-7) xR x U l C I ] ) 
\ r n n n ] / U M ; 
WRITECJJH10UT*F4>0UT4); 
T «• T + 1 ? 
GO TO L 2 ; 
L 5 t Y C I H S ; Y C O H D J 
MlCn*2»32 x SQRT(0,2x(((Pl+P2)/2ft036)-8)); 
PU1CI 3 «-l ,9379 xuiCI 3/i?; 
p u 2 i c n * u i c n * p u n n ; 
m n * p u i r n X C U M - U I C I ] ) ; 
o<-(3.259x®-7) XR x u n n ; 
\ / < - i j i r i ] / u M j 
WRITECJJH10UT#F4*0UT4); 
T<-T + l) 
GO TO L?; 
L6s N + I-2.5 M O ? FOR J«0 STFP 1 UNTIL M 00 ACJ3+0J 
L» LSQPQLY(M,N*H#PU22#A)J 
TEST: 
FOR 1*0 STEP 1 WHILE T<M AND AC I 3 = 0 DOJ 







+ AC4]x(YL*l. .2400)/l«2400 + A C 5 ] x C YL * t • 3 000 ) / 1 « 300 0 
+ A C 6 ] X ( Y L * 1 . 3 6 0 0 ) / 1 . 3 6 0 0 +AC7]x(YL*1.4200)/1.4 200 
+AC8]x(YL*l.4800)/l.4800 +A£9]x(YL*1.5400)/1.5400 
+AClO3x(YL*lt60O0i/1.6O0O; 
W R I T E C J J H 1 0 U T ^ F 9 > Y L * F L ) > 
WRITECJJH10UT*FMT63 I 
FNO; 
C l U O , 5 0 O 0 x Y C 2 3 x P U 2 1 C 2 ] ; 
W R I T E C J J H l n U T > F 6 # X * Y C 2 ] * C I l ) ) 
Go 
CT2«-0,500xY[3lxPU21[3l! 
WRITE(JJH tOUT *F6 >X >Y C 3V CI 2); 
FOR <*0,03 STEP O.Ol UNTIL 0.10 00 
BEGIN 
F<-A[0lxW +AC1 ]x(W*1.0600)/1.0600 T L + CI2 
+ AC2)x(W*l.1200)/!.1200 +4[33x(W*1.1800)/1.1800 
+ AU]x(W*1.24 00)/l.24 00 +AE5]x(W*l .3000)/l.3000 
+A[6]x(W*1.3600)/!,3600 +AC7]x(W*1.4200)/1.4200 




FOR W<-0.20 STEP 0.10 UNTIL 1.4 DO 
BEGIN 
F«-ACO]xW +AC13x(W*l ,0600)/l ,0600 "FL + CI2 
+AC2]x(W*1.1200)/1.1200 +A[3]x(W*1.1800)/1.1800 
+AC4]x(W*1.2400)/1.2400 +AC5]x(W*1.3000)/1.3000 
+ A[6]x(W*l ,3600)/1.3600 +AC7 3x(W*l . 4200 )/l.4200 
+ACQlx(W*l.4800)/!,4800 +A[9]x(W*1.5400)/1.5400 
+ AC10 ]x(W*1,6000 )/l,6000; 
WRITECJJHlOUT»F6#X*W,F)i 
FND; 






FL*AC01xYL +Ari]x(YL*1.0 60 0)/1.0600 
+ A[2]x(YL*1.1200)/lol2oO + At3Tx(YL*1 .1800 )/l . 1800 
+ AC4]x(YL*l#2400)/lf24 00 +A[5]x(YL*l . 3000 )/1 . 3000 
+AC6]x(YL*1.3600)/l93600 +AC7]x(YL*1.4200)/l,4?0 0 






W R I T E C J J H l 0 U T » F 6 > X * Y [ 2 ] * C 11 ) J 
C l 2 < - 0 . 5 0 0 x Y [ 3 ] x P U i [ 3 3 ? 
W R I T E C J J H 1 0 U T > F 6 > X > Y [ 3 ] > C I 2 ) ; 
FOR W * O t 0 3 STEP 0,01 UNTIL 0.10 DO 
BE G I N 
F ^ A C O l x W +AC1 ]x(W*l #0600)/l 0O6OO 'FL + CI2 
+ A C 2 ] x ( W * l , 1 2 0 0 ) / l , 1 2 0 0 + A [ 3 ] X C W * 1 . 1 8 0 0 > / 1 . 1 8 0 0 
+A[4]x(W*1.2400)/1.24 00 +A[5]x(W*lo3000)/1.3000 
+Ar6]x(W*1.360 0)/ls36 00 +AC7]x(W*l*4200)/1.4200 




FOR W*0,20 STEP 0.10 UNTIL 1.4 DO 
BEGIN 
F*ACOJxW +AC 1 lx(W*l 60600)/l e0600 -FL + CI2 
+A[2]x(W*l,1200)/1.12 00 +A[3]x(W*l#180Q)/1.1800 
+A[4]x(W*1.2 4 00)/ls24 00 +A£5]x(W*1.3000)/lf3 00 0 
+AC6]x(W*1.3600)/1.36 00 +AC7]x(W*l.4200)/l.4200 




FOR j*0 STEP 1 UNTIL M 00 ACJ14-0; 




+ A C 2 ] x ( Y L * l . 1 2 0 0 3 / 1 . 1 2 0 0 + A C 3 ] x C Y L * l . 1 8 0 0 / 1 . 1 8 ( ) 0 
+ A C 4 ] x ( Y L * 1 . 2 4 0 0 ) / 1 . 2 4 0 0 + A C 5 ] x ( Y L * 1 . 3 0 0 0 V 1 . 3 0 00 
+ AC6)x(YL*1.3600)/.l.360 0 +AC7]xCYL*l. 4200 )/l . 4200 








F^ACOIXD +Atllx(D*l.0600)/1.0600 "FL+CI2 
+AC2]x(n*1.1200)/1.1200 +At33x(0*le1800)/1.1800 
+AC4}X(D*1,24003/1.2400 + At53x(Q*l.3000>/l,3000 
+AC63x(D*1.3600)/l,36 0 0 + ACnx(D*1.4200>/l,4200 
+ AC8]x(n*1.4 800)/1.4800 +AC93x(o*l» 5400)/!,5400 
+AClO]x(D*1,6000)/!.6000; 
WRITECJJH10UT>F6#X>D>FW 





TOR W<-0.02 STEP 0,01 UNTIL 0.10 DO 
BEGIN 
F*AC03 +AT1 3x(W*O#O600) +A I 23x(W*0 . 1200 ) 
+A[3]x(W*0,i80Q) +AC43x(W*0.2400) +A[53x(w*0.3000) 
+ AC63x(W*0.3600) + AI 73xCW*0,4200) +A[8 1 x(ty*0,48003 
+A[9]x(W*0.5400) +A[10]X(W*0q6000); 
W R I T E C J J H T O U T * F 6 > X > W > F ) J 
END; 
FOR W * 0 0 2 0 STEP 0.10 U N T I L 1.4 0 0 
BEGIN 
F«-A[03 +AC 1 lx(W*0,0600) + A C 2 3 x ( W*0 . 1 200 ) 
+AC33x(W*0.1800) +AC41xCW*0•2400) +AC53x(w*0•3000) 
+A[63x(W*0.3600) + A [ 7 3 x C W *0 . 4200 ) + At8 1 x(w*0 , 4800) 
+ AC93xCW*0,5400) + An03X(W*O.60OO); 
W R I T E C J J H 1 0 U T * F 6 # X > W > F ) ; 
FNO; 
FOR J«-0 STEP 1 U N T I L M DO A C J 3 + 0 ; 





Program $$A AO66 
PROCEDURE LSQPOLY(M,N,XH,YH#AH) ; % 100 
VALUE M>N ) % 200 
INTEGER M,H \ % 300 




% THIS PROCEDURE FITS A LEAST SQUARES POLYNOMIAL OF DEGREE M 600 
X M 700 
% P C X ) a S I G M A A H C K ] x ( x * K ) 800 
X K=o 900 
* TO THE N POINTS OF THE TABULATION (XHCI]*YHC13 )* I • 1 * 2 * 3 « , * * N J 1000 
X BY COMPUTING THE COEFFICIENTS AHCK3, K « 0«l»2*.t'Ma DOUBLE PRE- 1100 
X CISION ARITHMETIC IS USED INTERNALLY TO IMPROVE ACCURACY. IF THE 1200 
* COEFFICIENT MATRIX FOR THE SYSTEM WHICH DETERMINES THE COEFFICIENTS 1300 
X OF THE POLYNOMIAL TURNS OUT TO BE SINGULAR, THE COEFFICIENTS AH[KJ* U O O 
X K * 0#1>..#M* ARE ALL SET TO ZERO PRIOR TQ EXIT. 1500 160
BEGIN % 1700 
INTEGER I,J#K )% 1800 
REAL SH,SL*TH'TL I % 1900 
ARRAY ALC0IM1* XL,YLCOlN]> ZH>ZLC0X2xM ] , % 2000 
RH#RLC0|M+13> 6 H » ' G U 0 S M + 1 » 0 I M + 1 ] \ % 2100 
LABEL SING,RETURN f % 2200 
PROCEDURE DPWR(N»XH,XL*ZH,ZL) I X 2300 
VALUE N*XH,XL ' % 2400 
INTEGER N }% 2^00 
REAL XH*XL ^ * 2600 
ARRAY ZH^ZLCO] ; X 2700 
BEGIN % 2800 
INTEGER I J % 2900 
REAL TH#TL 1 * 3000 
DEFINE D • DOUBLE # , T » TH*TL t > % 3100 
X * XH,XL * , ZI = ZHCn#ZLCI3 * J X 3200 
TH 4- ZHC03 • 1,0 ; TL * ZLC03 «• 0 I % 3 3 0 0 
F O R I * 1 S T E P 1 U N T I L N D O X 3400 
BEGIN D(T#X,x*«-,T> * DCT*«-*ZI) END I % 3500 
END DPrtR J X 3600 PROCEDURE DINVERT(N#AH>AL,RH>RL>LEBAL) I 3700 
V A L U E 
I N T E G E R 
R E A L ARR 





















N J % 
H \ % 
AY AH..AL>RH>RLC0,0] J % 
LEBAL I * 
THIS PROCEDURE COMPUTES THE INVERSE 0 
LE PRECISION MATRIX A = AHC # 3*ALt * 3 AN 
ARRAY R a RH[>i>RL[,3, IF THE MATRIX A 
TO THE EXTERNALLY DECLARED LABEL MLEB 
x A,A - AH,AL>AH,AL IS VALID IN A PROC 
IS* THE MATRIX A CAN BE REPLACED BY I 
F THE N-TH ORDER REAL 
D STORES THE RESULT IN 
IS SINGULAR, EXIT IS 
AL». THE MATRIX PAIR 


























3 ; % 
[ 0 8 N , 0 J N 



































































































uui = CHCJ#I3*CLCJ*II 
CIK = C H C I * K 3 * C L C I P K 3 
CMK = CH[M*K]>CLCMi>K] 
CH[K>J3>CLCK,J3 t s> % 
AHEI,J3>AL[I>J3 # * % 
L l ! 


















































ii * I M ; 
JINDO % 
QH «• QL * 0 ; % 
K1I1DO D(CJK>CKI>x,Q,+p*,Q) 
D(CJI#Q>->*>CJI) > % 
% 
BL • 0 J M «•• I ; % 
KINOO % 
IF ABS(CH[|on) > BH THEN % 
BEGIN SGN <• SIGNCCHCKM3) J % 
DC$GN>0>CKI,x,4.,8) ) % 
M «• K J * 
END ; X 
END ; % 
EH * 1,Q*»-10 ; EL <• 0 ; X 
IF BH 55 EH THEN GO TO LE8AL 
F C U <• M ; * 
IF M # I THEN X 
K1NDO % 
DCCIK*<VT) ; % 
D(CMIO*#ClK) ; % 
D(T>*>CMK) ; % 
% 
DCCU#«->G) ; % 
FOR J * 1+1 UPTO N DO % 
QH «• QL • 0 J X 
K1I1DO D(CIK>CKJPX,Q,+,*,Q) 
OiCU,Q,m> G>/>«->CIJ) ; i 
END J % 




I UNDO % 








































DCCH,*,G) ; % 
JIIDO % 
BEGIN % 
IF I * J THEN D(1'0PG>/>«-#CIJ) ELSE X 
BEGIN 9H <• QL f 0 ; 2 
KJI1DO DCCIK'CKJ>X>Q»+P«->Q) ; % 
D C O > O > Q * - > G > / > « - > C I J ) ; x 
END j X 
END } % 
END J % 
Nl «• NM J X 
FOR I <• Nl STEP -1 UNTIL 1 DO X 
BEGIN II «•• 1 + 1 ; % 
FOR J + N STEP -1 UNTIL II DO % 
BEGIN QH <- QL * 0 J X 
L «•• J - i > X 
KI1LDO DCClK*CKJ>x,Q,+,*,Q) ; % 
D(0>0#CN*->Q>-*«-»CIJ) ; X 
END ; X 
END J X 
I1N1DO J1ND0 % 
BEGIN QH <- QL + 0 IX 
IF I > J THEN % 
BEGIN X 
FOR K * 1+1 STEP 1 UNTIL N DO X 
D(CIK#CKJ#x,Q, + ,«.,Q) ; X 
D(CIJ,Q, + ,4-,CIJ) ; x 
END ELSE % 
BEGIN X 
KJNDO D(CIK,CKJ#x,Q,+,*,Q) ; X 
D(QP«-,CU) ; X 
END J X 
END j X 
X L5i 
BEGIN 
FOR J f N STEP -1 UNTIL 1 DO 
M • FCj] ; % 








































L6J END .} X 























FOR I «• 
FOR K * 
RHCK+1] 
FOR J <• 
DOUBLE # % % 
= STEP 1 UNTIL 
Y H [ I ] * Y L C n * 
Z H C M P Z L C K ] t 
RH[J]*RL[J3 # 
= A 
# P X 
RK1 = 
G IJ = 
U ' t  > K H U + U P R L C K + U # P 
K J P Z ] t , G H C l , J ] # G L t I # J ] # P 
p [  # p ZJK = Z H C J + K ] , Z L C J * K ] # , 
| H C I M ] , A L C I - 1 ] * > S = S H P S L # P X 
G H C J + 1 P K + 1 3 P G L C J + 1 * K + 1 ] # J * 
I UPTO N 00 XLCI1 <• YLCI3 «- 0 ; X 
0 UPTO M DO X 
«• RLCK + i ] <• o ; x 
0 UPTO M DO % 
t l 0
   X 




I <- 1 UPTO N DO X 
B E G I N X 
D P W R ( 2 x M » X H [ I ] # X L C n # Z H , Z L ) 
FOR K * 0 UPTO M DO X 
; x 
D(YI,ZKP*PRK1P+P«-*RK1) PX 





FOR I <- 1 UPTO M + l DO % 
BEGIN X 
SH * SL f 0 M 
FOR J * 1 UPTO M+l 
D(S,*,AIM1) ; % 
END j GO TO RETURN I X 






































SING: TOR I <• 0 UPTO M DO AHCI3 <- M i l ) <• 0 ; % 18600 
R E T U R N : % 18700 
END LSQPOLY s % 18800 
vo 
OA 
Table 1. Computer Output for Test Run 108 
RUN NO,108 HATE 0 7 - 1 0 - 6 8 
RATE = 60,0 MLS/MIN 
CONCENTRATIONS 50.0PPM 
POSITION 6 
Y U U/UM Z PU PU*2 9 
1.045 1,650 1.000 0.0000 0,2665 0.4397 0.00003227 
0.005 0, 163 0.099 0.0391 0,0263 0.0043 0,00000318 
0.010 0,405 0,245 0.0814 0,0654 0,0265 0,00000792 
0.020 0.894 0.541 0,1092 0,1443 0.1289 0,00001747 
0,030 0,962 0.583 0.1069 0.1553 0.1494 0.00001881 
0.050 1.051 0.637 0.1017 0.1698 0.1785 0.00002056 
0.100 1,188 0,720 0.0886 0.1919 0,2280 0,00002323 
0.200 1,351 0.818 0,0653 0.2181 0.2946 0.00002641 
0.300 1,427 0.865 0,0515 0.2304 0.3287 0.00002790 
0,400 1.481 0.898 0.0404 0,2392 0,3543 0,00002897 
0,500 1.524 0,923 0.0312 0*2460 0.3748 0,00002979 
0.600 1.554 0.942 0.0240 0,2510 0,3902 0.00003040 
0.700 1,581 0.958 0c0175 0,2554 0.4039 0.00003092 
0.800 1.601 0.970 0*0126 0,2586 0.4141 0.00003131 
0.900 1,621 0,982 0,0076 0,2618 0.4244 0,00003170 
1.000 1,628 0,986 0,0059 0,2628 0,4278 0,00003183 
1.100 1.640 0.994 0.0026 0,2649 0,4346 0,00003208 
1.200 1 .64 4 0,996 0,0017 0.2654 0.4363 0.00003214 
1,300 1.650 1,000 0.0000 0,2665 0.4397 0.00003227 
1,400 1.650 1 ,000 0,0000 0,2665 0.4397 0.00003227 
Table 1. (Continued) 
PU*2 = 1 . 4 7 5 3 3 9 0 - 0 5 "2 ,3215Q0O+00 xH 4 . 5 5 3 7 4 9 0 + 0 0 * H * 2 - 1 . 8 0 4 6 2 0 0 + 0 0 xH*3 
YL= 0.020TNTEGRAL 0 TO Yl_s 1 , 0 8 7 9 3 0 - 0 3 
X Y INT 0 TO Y PU*2 
78,000 0.010 1.323458P-04 
78,000 0.020 1.2893040-03 
78,000 0,030 2.6390350-03 
78,000 0,040 4.2366200-03 
78,000 0.050 6.0223660-03 
78,000 0,060 7,9602840-03 
78,000 0,070 1 .0026180-02 
78,000 0.080 1 .2202620-02 
78,000 0,090 1 .4476420-02 
78,000 0.100 l.6837250-02 
78,000 0,200 4.3921270-02 
78,000 0.300 7.5224770-02 
78,000 0.400 1.0930579-01 
78,000 0.500 1.4546450-01 
78,000 0,600 1.8328400-01 
78,000 0.700 2.2248610-01 
78,000 0.800 2.6287200-01 
78,000 0.900 3.0429210-01 
78,000 1,000 3.4663020-01 
78,000 1 . 100 3,8979290-01 
78,000 1 .200 4.3370400-01 
78,000 1 .300 4.7829950-01 
Table 1, (Continued) 
PU= 4 . 0 6 4 8 2 9 ^ - 0 6 - 1 . 1 5 I 7030+00 XH 2 o 6 9 6 o 4 7 0 + o o *H*2 - 1 . 2 8 1 4 6 30+00 *H*3 
YL= 0.020INTFGRAL 0 TO YL» 2 . 1 8 1 8 2 0 - 0 3 
V Y INT 0 TO Y P'i 
78.000 0.010 3.2690010-04 
78.000 0,02 0 1.442955^-03 
78.000 0,030 2.930894,«-O3 
78.000 0,040 4.533333P-03 
78.000 0,050 6.2208488-03 
78,000 0,060 7.9759740-03 
78.000 0.070 9.7871120-03 
78,000 0,080 1.1646003-02 
78.000 0,090 1 .3546430-02 
78.000 0.100 1.5483610-02 
78.000 0,200 3,6276190-02 
78,000 0.300 5.8714920-02 
78,000 0,400 8,2175799-02 
78.000 0,500 1 ,0636680-01 
78,000 0,600 1.3111870-01 
78.000 0.700 1.5632100-01 
78.000 0,800 1.8189660-01 
78,000 0,900 2.0778840-01 
78,000 1 .000 2.3395280-01 
78,000 1.100 2.6035530-01 
78.000 1.200 2.8696820-01 
78.000 1 .300 3.1376860-01 
Table 1. (Continued) 
Z« -8.045897^-06 4.210424^-01 xH -1.049 
YL= 0.020INTEGRAL 0 TO YL = 2.51236^-03 




0 . 0 1 0 





T a b l e 1 . ( C o n t i n u e d ) 
2 . 5 1 7 0 5 2 0 - 0 5 - 7 . 1 3 1 6 5 5 0 * 0 0 *H 1 . 6 6 9 4 6 5 a + 0 1 xH*2 - 7 . 9 35 1 6 3sa + 00 *H*3 
y y VFlnCITY 
78.000 0 . 0 ? 0 6,7627650-01 
73.000 0,030 9#6 0 8147fr*0I 
78,000 0*04!^ 1 ,0208460+00 
78.000 0.05 0 1 .0673150+00 
78,000 0.060 1 .1051549 + 00 
78,000 0, 070 1 . 1 3 7 0 1 6 « + 0 0 
78,000 0 • 0 8 0 1 .16449 33 + 00 
78,000 0,0^0 1 . 1886160 +00 
78,000 0,100 1 t210092a + 00 
78.000 0 . 2 0 0 1.3480750+00 
78,000 0.300 1 .4231 16(31 + 00 
78.000 0.400 1.4775520+00 
78,000 0,500 1 ,5167050 + 00 
78,000 0.600 1 .5475820 + 00 
78,000 0, 700 1.5728270+00 
78,000 0.800 1.5940080+00 
78.000 0,900 1.6121260+00 
78,000 1.000 1.6278600+00 
78,000 1. 100 1 ,6416370 + 00 
78,000 1 .200 1.6539610+00 
78.000 1.300 1,664 9450+00 
102 
APPENDIX B 
EXPERIMENTAL VELOCITY DATA 
Appendix B lists the velocity data in Tables 3 through 9- The data 
were obtained during injection of the following fluids: (a) no injection, 
(b) water, and (c) aqueous solutions of polyethylene oxide at concentrations 
of 25.0, 50.0, and 150.0 ppm. The injection rates were 60.0, 13^.0, 268.0, 
P v 
and 537.0 mls/min. These rates give values of approximately 0.62, 
^00 00 
I.38, 2.75? and 5.51 x 10 , respectively. 
Table 3. Experimental Velocity Data 
Injected Fluid: None 
Injection Rate: -- mls/min 
Concentration: -- ppm 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 1 S t a t i o n 1 S t a t i o n 2 S t a t i o n 2 S t a t i o n 2 S t a t i o n 3 
( i n c h e s ) Run No. 101 Run No. 102 Run No. 101 Run No. 102 Run No. 103 Run No. 101 
0 . 0 0 0 0 . 0 0 0 0 .000 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 
0 .005 0 .226 0 .213 0 .192 0 .192 0.21+1 0 . 2 1 8 
0 . 0 1 0 OA38 0.1+1+3 0 .392 0 .392 0.1+18 0.1+05 
0 .020 O.9I+I+ 0 .970 0 . 8 8 8 0 . 8 8 8 0 .857 0 . 8 0 0 
0 .030 1 .033 1 .031 0 . 9 6 7 1.005 0 . 9 7 3 1 .031 
0 .050 1.116 1.102 1.01+6 1 .071 1 .071 1.110 
0 . 1 0 0 1.227 1.223 1.157 1.18U 1.175 1.21+0 
0 .200 1.332 1.333 1.286 1 .331 1 . 3 H 1 .358 
0 .300 1,1+08 1.1+11+ 1.370 1.1+01+ 1.397 1.1+23 
0.1+00 1.1+5!+ 1.1+59 1.1+30 1.1+56 1.1+56 1.1+71 
0 .500 I.I+85 1.1+97 1.1+71 1.1+92 1.1+99 1.510 
0 .600 1.513 1.521+ 1.1+99 1.521+ 1.527 1.537 
0 . 7 0 0 1.531+ 1.5^7 I.52I+ 1.51+1+ 1.51+8 1.558 
0 . 8 0 0 1.51+7 1.563 1.51+1 1 .561 1 .568 1 .578 
0 . 9 0 0 1.556 I . 5 6 6 1.551+ 1.575 1 .578 1 .588 
1.000 1.562 1.575 1 .561 1 .581 1.585 1.598 
1.100 1 .561 1 .588 I . 5 8 8 1.605 
1.200 1 .608 
1.300 
1.1+00 
( c o n t i n u e d ) 
Table 3- (Continued) 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 5 S t a t i o n 6 S t a t i o n 6 S t a t i o n 6 S t a t i o n 8 S t a t i o n 8 
( inches) Run No. 101 Run No. 101 Run No. 102 Run No. 103 Run No. 101 Run No. 102 
0.000 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 
0.005 0.21+1 0 .163 0 .300 0 .073 0.21+1 0 . 2 1 8 
0.010 0 .519 0.31+9 0.601+ 0 .262 0.1+66 0.I+5I+ 
0.020 0 .967 0 . 7 2 3 0 . 7 9 3 0 .509 0 . 8 9 9 0 . 7 0 1 
0.030 l .o i+ i 0.91+5 0 . 8 8 8 0 .813 0.981+ 0.931+ 
0.050 1.129 l.Okl 1.000 1.056 1.086 1 .021 
0.100 1.21+0 1.170 1.170 1.197 1.206 1.170 
0.200 1.3^7 1.319 1.31+3 1.323 1.319 1.335 
0.300 1.1+08 1.1+01+ 1.1+19 1.1+01 1.397 1.1+30 
o.i+oo 1.1+56 1.1+60 1.1+71 1.1+60 1.1+56 1.1+95 
0 .500 1.1+88 1.503 1.510 1.503 1.503 1.51+1+ 
0 .600 1.517 1.51+1 1.51+1 1.537 1.537 1 .581 
0 .700 1.51+1 1.568 1.565 1 .568 1 .571 1 .608 
0 .800 1 .561 1.605 1.585 1 .588 1.595 I.63I+ 
0 .900 1 .571 1.605 1.605 1.605 I . 6 1 8 1.653 
1.000 1 .581 1.618 1.621+ 1.618 1.637 1.669 
1.100 1 .591 1 .631 1.6I+0 1 .631 1.653 1.679 
1.200 1 .598 1.6I+0 1.61+1+ 1.6I+0 1.660 1 .688 
1.300 1 .601 1.6I+7 1.650 1.61+1+ 1.669 1 .691 




Table 4. Experimental Veloci ty Data 
In j ec t ed F l u i d : Water 
I n j e c t i o n R a t e : 537.0 mls/min 
Concen t ra t ion : - - ppm 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 2 S t a t i o n 6 S t a t i o n 8 S t a t i o n 8 S t a t i o n 8 
( inches) Run No. 104 Run No. 104 Run No. 104 Run No. 105 Run No. 106 
0.000 0.000 0.000 0.000 0.000 0.000 
0.005 0.192 0.126 0.192 0.163 0.192 
0.010 0.430 0.317 0.405 0.405 0.405 
0.020 0.911 O.899 0.899 0.9^0 0.870 
0.030 1.021 0.994 1.066 1.010 1.000 
0.050 1.110 1.105 1.138 1.100 1.110 
0.100 1.219 1.240 1.228 1.219 1.232 
0.200 1.339 1.370 1.339 1.343 1.354 
0.300 1.412 1.445 l . 4 i 6 1.423 1.430 
0.4oo 1.460 1.499 1.481 1.481 1.488 
0.500 1.495 1.541 1.537 1.524 1.534 
0.600 1.524 1.575 1.571 1.558 1, 
0.700 1.544 1.601 1.601 1.585 1.591 
0.800 1.558 1.618 1.621 1.608 1.6l4 
0.900 1.568 1.634 l .64o 1.624 1.628 
1.000 1.571 1.644 1.650 i . 64o 1.644 
1.100 1.571 1.653 1.660 1.650 1.657 
1.200 1.660 1.666 1.660 1.666 
1.300 1.666 1.669 1.669 1.672 
l .4oo 1.672 1.669 1.676 
Table 5. Experimental Velocity Data 
Injected Fluid: Aqueous Solution 
of Polyethylene Oxide 
Injection Rate: 60.0 mls/min 
Concentration: 50.0 ppm 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 2 S t a t i o n 2 S t a t i o n 6 S t a t i o n 6 S t a t i o n 8 
( i n c h e s ) Run No. 107 Run No. 108 Run No. 107 Run No. 108 Run No, 107 
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 
0 .005 0 . 1 0 3 0 .192 0 . 2 1 8 0 .163 0 . 3 1 7 
0 . 0 1 0 0 .325 0 .392 0 A 0 5 0.1+05 0 . 5 2 9 
0 .020 0 .797 0 .819 0 . 9 H O.89I+ O.9I+O 
0 .030 O.965 0 . 9 3 ^ 1.000 0 .962 1 .021 
0 .050 1.079 1 . 0 6 l 1.100 1 .051 1.100 
0 . 1 0 0 1.208 1 .188 1.232 1 .188 1.210 
0 .200 1.329 1 .303 1 .358 1 .351 1 .331 
0 .300 1.399 1.370 1.1+38 1.1+27 1.1+12 
0.1+00 1.1+51 1.1+27 1.^99 1.1+81 1.1+78 
0 . 5 0 0 1.1+90 1.1+71 1 .5^1 1.521+ 1.521+ 
0 .600 1.525 1.506 1 .571 1.551+ 1 .561 
0 . 7 0 0 1.556 1.527 1.595 1 .581 1.588 
0 .800 1.576 1.5^8 1 .611 1 .601 1 .611 
0 . 9 0 0 1.586 1 .561 1 .628 1 .621 1 .631 
1.000 1.596 1 .568 1.637 1 .628 1.6I+1+ 
1.100 1.603 1 .571 1.6^+0 1.6I+0 1.657 
1.200 1.61+1+ 1.641+ 1.663 




Table 6. Experimental Velocity Data 
Injected Fluid: Aqueous Solution 
of Polyethylene Oxide 
Injection Rate: 134.0 mls/min 
Concentration: 50.0 ppm 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 2 S t a t i o n 2 S t a t i o n 3 S t a t i o n 3 S t a t i o n 5 S t a t i o n 5 
( inches) Run No. 109 Run Wo. 110 Run Wo. 109 Run No. 110 Run No. 109 Run No. 110 
0.000 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 .000 
0.005 0 .192 0 .192 0.361+ 0 .262 0.1+30 0 .262 
0.010 0 .364 0.1+18 0.61+6 0 . 5 0 9 0 . 7 0 1 0 . 5 0 9 
0.020 0 .752 0 .813 1.01+1 1.026 0 .899 1.010 
0.030 0 . 9 5 1 1 .031 1 .091 1.115 1.086 1 .071 
0.050 1 .051 1.100 1.170 1.179 1.215 1.129 
0.100 l . l 6 l 1 .201 1.295 1.286 1.299 1.253 
0.200 1 . 3 H 1.31+3 1.1+23 1.1+08 1.393 1.347 
0.300 1.389 1.1+27 1.1+95 1.478 1.1+71 1.1+19 
o.i+oo 1.1+11 1.1+81 1.530 1.527 1.527 1.1+81 
0 . 5 0 0 1.1+81 1.517 1.554 1.558 1 .571 1.517 
0 . 6 0 0 1 .510 1.51+1 1 .581 1 .581 1.605 1 .551 
0 . 7 0 0 1.530 1 .561 1 .601 1 .601 1 .631 1.575 
0 . 8 0 0 1,548 1.575 1 .618 1 .611 1.660 1 .601 
0 . 9 0 0 1 .561 1.585 1 .631 1.621+ 1.672 1 .611 
1.000 1.568 1.588 1.61+0 1.628 I . 6 7 6 1 .621 
1.100 1 .571 1 .591 1.6I+0 1 .631 1.679 I . 6 3 1 
1.200 1.6I+0 I.63I+ 1.679 1 . 631 
1 .300 
1.1+00 
( c o n t i nued ) 
Table 6. (Continued) 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 6 S t a t i on 6 S t a t i o n 6 S t a t i on 6 S t a t i o n 8 S t a t i o n 8 
( inches) Run No. 109 Run No. 110 Run No. I l l Run No. 112 Run No. 109 Run No. 110 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.005 0.364 0.192 0.241 0.262 0.241 0.241 
0.010 o.6o4 0.430 0.454 0.509 0.466 0.430 
0.020 0.984 0.832 0.899 0.934 0.911 0.773 
0.030 1.04l O.989 1.010 1,010 1.010 1.010 
0.050 1.124 1.081 1.091 1.100 1.100 1.081 
0.100 1.232 1.215 1.219 1.206 1.201 1.197 
0.200 1.362 1.331 1.339 1.347 1 .3H 1.319 
0.300 i.46o 1.419 1.412 1.438 1.389 1.423 
o.4oo 1.506 1.474 1.471 1.506 1,449 1.499 
0.500 1.548 1.524 1.510 1.548 1.499 1.548 
0.600 1.571 1.551 1.544 1.571 1.534 1.575 
0.700 I .608 1.578 1.571 1.591 1.565 1.595 
0.800 1.624 1.591 1.595 l . 6 l 4 1.535 I .618 
0.900 1.644 1.605 1.611 1.628 1.601 1.637 
1.000 1.657 1.611 1.621 1.637 1.6l4 1.657 
1.100 I .672 1.6l4 1.631 1.650 1.624 1.660 
1.200 1.679 1.624 1.640 1.653 I . 631 I .663 
1.300 1.640 1.666 
i.4oo 
(continued) 
Table 6. (Continued) 
u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 8 S t a t i o n 8 
( inches) Run No. I l l Run No. 112 
0.000 0 .000 0 . 0 0 0 
0.005 0 .262 0 .192 
0.010 O.U98 0.U5U 
0.020 0 .899 0 . 8 5 1 
0.030 0 .989 1.000 
0.050 1.076 1 .091 
0.100 1 .201 1.197 
0.200 1.323 1.339 
0.300 1 .^01 JL.M+1 
0.U00 1.^63 1.510 
0.500 1.520 1 .558 
0.600 1.568 1 .591 
0.700 1.591 1 .621 
0.800 1.608 1.6^0 
0.900 1.631 1.660 
1.000 1.6U7 1.669 
1.100 1.650 1.676 
1.200 1.653 1.676 





Table 7. Experimental Velocity Data 
Injected Fluid: Aqueous Solution 
of Polyethylene Oxide 
Injection Rate: 268.0 mls/min 
Concentration: 50.0 ppm 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 2 S t a t i o n 6 S t a t i o n 8 S t a t i o n 8 
( inches) Run No. l l U Run Wo. 114 Run Wo. I I 1 ! Run Wo. 115 
0.000 0 .000 0 . 0 0 0 0 . 0 0 0 0 .000 
0.005 0 .218 O. I63 0.3J+9 0 .333 
0.010 0.1+05 0 . 3 3 3 0 . 7 7 3 0 .793 
0.020 0 .832 0 . 5 ^ 9 O.89I+ O.9U5 
0.030 O.967 0 .752 1 .021 1 .051 
0.050 1.051 0 . 9 5 1 1 .110 1.138 
0.100 1.179 1 .091 1.210 1.232 
0.200 1.339 1.262 1.323 1.3^3 
0.300 1.1+12 1.362 1.1+01+ 1.1+27 
o.i+oo 1.^63 1.1+30 1.1+71 1.1+88 
0.500 1.510 1.1+71 1.520 1 .53^ 
0.600 1.537 1.503 1 .55^ 1 .571 
0.700 1.561 1.530 1 .591 1.588 
0.800 1.578 1 .551 1 .621 l .6 l i+ 
0.900 1.588 1.568 1.637 1.637 
1.000 1.598 1 .578 1.653 1.6U0 
1.100 1.601 1.585 I . 6 6 3 1.657 
1.200 1.591 1.666 1.660 
1.300 1.595 1.666 1.666 




Table 8, Experimental Velocity Data 
Injected Fluid: Aqueous Solution 
of Polyethylene Oxide 
Injection Rate: 537.0 mis/rain 
Concentration: 50.0 ppm 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
y S t a t i o n 2 S t a t i o n 2 S t a t i o n 2 S t a t i o n 3 S t a t i o n 3 S t a t i o n 5 
( inches) Run No. 116 Run Wo. 117 Run No. 118 Run No. 116 Run No. 117 Run No. 116 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.005 0.192 0.405 0.405 0.405 0.442 0.333 
0.010 0.405 0.723 0.738 0.646 0.694 0.701 
0.020 0.752 0.967 0.940 1.010 1.000 0.928 
0.030 0.928 1.010 1.036 1.071 1.056 1 .061 
0.050 i . o 4 i 1.081 1.105 1.143 1.129 1.175 
0.100 1.170 1.188 1.219 1.249 1.232 1.286 
0.200 1.307 1.331 1.358 1.382 1.362 1.416 
0.300 1.382 1.419 1.449 1.452 1.434 1.485 . 
0.400 1.^30 1.471 1.503 1.499 1.481 1.537 
0.500 1.463 1.506 l . 5 4 l 1.537 1.520 1.571 
0.600 1.495 1.530 1.568 1.568 1.548 1.601 
0.700 1.520 1.554 1.591 1.588 1.568 1.618 
0.800 1.534 1.571 1.608 1.601 1.581 1.637 
0.900 1.551 1.585 1.621 1.611 1.591 1.647 
1.000 1.561 1.591 1.628 1.621 1.601 1.657 
1.100 1.565 1.598 1.634 1.628 1.608 I .663 




Table 8. (Continued) 
' ' ' • • ' " J"" 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e e ) u ( f t / s e c ) 
y S t a t i o n 5 S t a t i o n 6 S t a t i o n 6 S t a t i o n 6 S t a t i o n 8 S t a t i o n 8 
( i n c h e s ; Run Ho. 117 Run No. 116 Run No. 117 Run No. 118 Run No. l i o Run No. 117 
0 . 0 0 0 0 .000 0 . 0 0 0 0 . 0 0 0 0 .000 0 . 0 0 0 0 . 0 0 0 
0 .005 0 .073 0 .454 0 . 1 6 3 0 .192 0 .364 0 .126 
0 .010 0 .192 0 . 7 2 3 0 . 3 ^ 9 0 . 3 4 9 O.678 0 . 3 1 7 
0 .020 0 . 8 5 1 0 .882 0 . 8 8 8 0 .654 0 .967 0 . 7 3 1 
0 .030 0 . 9 7 8 O.989 O.967 0 .857 1 .021 0 . 9 9 4 
0 .050 1.138 1.100 1 .061 1.000 1.100 1.100 
0 .100 1.266 1.206 1 .188 1 .179 1 .201 1.240 
0 .200 i . 4 o i 1.339 1.319 1 .323 1.319 1.370 
0 .300 1 .471 1.430 i . 4 o 4 1.416 1.412 1.449 
o.4oo 1.520 1.488 1.467 1.478 1 .478 1.506 
0 .500 1.554 1.534 1.510 1.517 1.527 1 .551 
0 .600 1.585 1.568 1.544 1.554 1.568 1.585 
0 .700 1 .611 1.598 1 .571 1.578 1.595 1.608 
0 . 8 0 0 1 .631 1.618 1 .591 1 .601 1.618 1.628 
0 .900 1.644 1 .631 1.608 1 .618 1.637 1.644 
1.000 1.657 1.61+7 1.618 1 .628 1.650 1.657 
1.100 1.666 1.657 1 .628 1.637 1.657 1 .663 
1.200 1.669 1.660 1.637 1.650 I . 6 6 3 1 .669 
1.300 1.666 i . 6 4 o 1.650 I . 6 6 9 1.679 
i . 4 o o 
(continued) 
Table 8. (Continued) 
u(ft/sec) 
y Station 8 
(inches) Run No. 118 
0 . 0 0 0 0 .000 
0 .005 0 .163 
0 .010 0 .3^9 
0 .020 0 .752 
0 .030 0 . 9 5 1 
0 .050 1 .051 
0 . 1 0 0 1 .201 
0 .200 1 .351 
0 . 3 0 0 1.430 
oAoo 1.U88 
0 .500 1.5^1 
0 .600 1 .591 
0 .700 1 .621 
0 .800 1.6U0 







Station 8 Station 8 
Run No. 119 Run No. 120 
0 . 0 0 0 0 . 0 0 0 





1.232 1 .201 
1.35U 1.323 
1.43U l . M - 1 2 
1.^99 1.U71 
1.5^8 1.520 
1 .591 1.558 
1 .618 1.588 
1.6I+0 1 .611 
1.657 1 .631 




Table 9. Experimental Velocity Data 
Injected Fluid: Aqueous Solutions 
of Polyethylene Oxide 
Injection Rate: Indicated 
Concentration: Indicated 
u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) u ( f t / s e c ) 
S t a t i o n 6 S t a t i o n 6 S t a t i o n 6 S t a t i o n 8 S t a t i o n 8 S t a t i o n 8 
y Run No. 121 ^ Run No. 122 Run No. 123 Run No. 12k Run No. 125 Run No. 126 
( inches) 13^.0 @ 150.0 13^.0 @ 150.0 13I+.O @ 150.0 13^.0 @ 25.0 537.0 @ 25.0 537.0 @ 25.0 
0.000 0 .000 0 .000 0 . 0 0 0 0 . 0 0 0 0 .000 0 . 0 0 0 
0.005 0.21+1 0.21+1 0 .282 0 .300 0 .192 0 . 1 6 3 
0.010 0.1+98 O.k^k 0 . 5 0 9 0.1+88 0 .378 0 . 3 7 8 
0.020 0 . 9 2 3 0.91+0 0 .905 0 . 9 2 8 0 = 813 
0.030 1.000 1 .051 0 .989 1.01+1 1.010 0.991+ 
0.050 1.100 1.110 1 .091 1.138 1.110 1.076 
0.100 1.219 1 .201 1.223 1.21+9 1.219 1.197 
0.200 1.358 1.327 1.358 1.370 1.31+7 1.339 
0.300 1.1+1+1 1.1+12 1.1+38 1.1+52 1.1+38 1.1+23 
o.i+oo 1.1+95 1.1+71 1.1+88 1.517 1.1+99 1.1+85 
0 .500 1 . 5 3 ^ 1.513 1.530 1 .561 1.51+1 1.530 
0 .600 1.565 1.51+8 1 .561 1.598 1.575 1.568 
0 . 7 0 0 1 .591 1.571 1.585 1.621+ 1 .601 1 .598 
0 .800 1 .611 1 .591 1.605 1.61+7 1 .621 1 .618 
0 .900 1 .628 1.608 1 .621 1.663 1.637 1 .631 
1.000 1.637 1.618 1 .631 1.672 1.650 l.6l+if 
1 .100 1.6I+0 1.628 1.6I+0 1.682 1.657 1.650 
1.200 1.650 1.637 1.6U7 1.688 1.660 1.657 
1.300 1.653 1.6I+0 1.650 1 .691 1.663 1.660 
1.1+00 1.657 l.6hh 1.657 1.698 1.669 1.666 
I3I+.O mls/min a t a concen t ra t ion of 150.0 ppm, 
APPENDIX C 
EFFECT OF INJECTIONS ON THE TURBULENT BOUNDARY-LAYER 
PARAMETERS AND SKIN FRICTION 
This appendix presents the effects on the turbulent boundary-
layer parameters produced by homogeneous injections of water and aqueous 
solutions of polyethylene oxide. Tables 10 through ik list the Effects 
of Injections on the Boundary-Layer Thickness. The Effects on the 
Momentum Deficit in the Boundary Layer are given in Tables 15 through 19. 
Tables 20 through 2k present the Effects on Skin Friction. The Effect of 
Injection on the Shear-Stress Distributions at Station 6 are shown in 
Tables 25 through 29. Table 30 lists values of the Non-Dimensional Skin 
Friction as a Function of the Injection Parameter. Finally, Table 31 
presents the Concentration of Polyethylene Oxide in the Transpired 
Boundary Layer. 
Table 10. Effect of Injections on the Velocity Boundary-Layer Thickness 
Injected Fluid: None 
Injection Rate: -- mls/min 
Concentration: -- ppm 
Experimental Average 
Run Boundary-Layer Boundary-Layer Deviation 
Station No. Thickness (inches) Thickness (inches) (inches)(percent) 
1 101 1.000 0.800 +0.200 +25.0 
1 102 0.907 0.800 +0.107 +13. ^ 
1 • * 0.865 0.800 +0.065 +8.1 
1 •x- 0.8U1I 0.800 +0.0+1! +5.5 
1 ¥r 0.7^0 0.800 -0.060 -7.5 
2 101 0.855 0.875 -0.020 -2.3 
2 102 0.906 0.875 +0.031 +3.5 
2 103 0.872 0.875 -0.003 -0.3 
3 101 0.968 0.950 +0.018 +1.9 
3 • * 0.836 0.950 -0.11*+ -12.0 
5 101 1.096 1.085 +0.011 +1.0 
5 * 0.989 1.085 -0.096 -8.8 
6 101 1.128 1.155 -0.027 -2.3 
6 102 1.057 1.155 -0.098 -8.5 
6 103 1.128 1.155 -0.027 -2.3 
6 • * 1.061+ 1.155 -0.091 -7.9 
8 101 1.093 I.265 -0.172 -13.6 
8 102 1.12U 1.265 -0.1+1 -11.1 
8 -x- 1.1+1 1.265 -0.12+ -9.8 
Partial velocity profile which is not listed in Appendix B. 
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Table 11. Effect of Injections on the Velocity Boundary-Layer Thickness 
Injected Fluid: Water 
Injection Rate: 537.0 mls/min 
Concentration: -- ppm 
Exp erimental Average 
Run Boundary-Layer Boundary-Layer Deviat ion 
Station No. Thi ckness (inches) Thickness (inches) (inches) (p ercent) 
2 10^ 0.779 0.875 -0 O96 -11 0 
6 10U 1.092 1.092 +0 ,000 +0. 0 
8 ioh 1.056 1.12U -0 068 -6, 0 
8 105 1.12U 1.12U +0 .000 +0 0 
8 106 1.12U 1.12U +0 .000 +0 0 
Table 12. Effect of I n j e c t i o n s on the Veloc i ty Boundary-Layer Thickness 
I n j e c t e d F l u i d : Aqueous So lu t ion of Polye thylene Oxide 
I n j e c t i o n R a t e : 60.0 mls/min 
Concen t ra t ion : 50.0 ppm 
Experimental Average 
Run Boundary-Layer Boundary-Layer Devia t ion 
S t a t i o n No. Thickness ( inches) Thickness ( inches) ( i n c h e s ) ( p e r c e n t ) 
2 107 0.972 0 . 
2 108 0.959 0. 
107 O.960 I.0U3 





107 1.068 1.070 -0.002 -0 .2 
Table 13. Effect of Injections on the Velocity Boundary-Layer Thickness 
Injected Fluid: Aqueous Solution of Polyethylene Oxide 
Injection Rate: 13^.0 mls/min 
Concentration: 50.0 ppm 
Experimental Average 
Run Boundary-Layer Boundary-Layer Deviation 
Station No. Thickness (inches) Thickness (inches) (inches)(percent) 
2 109 0.8^0 0.860 -0.020 -2.3 
2 110 0.879 0,860 +0.019 +2.2 
3 109 0.852 0.910 -0.058 -G.k 
3 110 0.852 0.910 -0.058 -6.1+ 
5 109 0.822 0.972 -0.150 -15. h 
5 110 0.932 0.972 -o.oko -if.i 
6 109 1.036 0.990 +o.ok6 +k.6 
6 110 1.128 O.990 +0.138 +13.9 
6 111 1.128 0.990 +0.138 +13.9 
6 112 1.021 O.990 +0.031 +3.1 
8 109 1.13^ 1.017 +0.117 +11.5 
8 110 0.978 1.017 -0.039 -3.8 
8 111 0.97^ 1.017 -0.0^3 -1+.2 
8 112 O.89U 1.017 -0.123 -12.1 
8 * O.968 1.017 -0.0U9 -^.8 
8 • * 1.02*+ 1.017 +0.007 +0.7 
Par t i a l velocity prof i le which is not l i s t e d in Appendix B. 
Table 14-. Effect of I n j e c t i o n s on the Ve loc i ty Boundary-Layer Thickness 
I n j e c t e d F l u i d : Aqueous So lu t ion of Polyethylene Oxide 
I n j e c t i o n R a t e : 537.0 mls/min 
Concen t ra t ion : 50.0 ppm 
Experimental Average 
Run Boundary-Layer Boundary-Layer Devia t ion 
S t a t i o n No. Thickness ( inches) Thickness ( inches) ( i n c h e s ) ( p e r c e n t ) 
2 116 0.9U0 0.872 +0.068 +7.8 
2 117 0.906 0.872 +0.03^ +3.9 
2 118 0.906 0.872 +0.03+ +3.9 
2 • * 0.81+0 0,872 -0.032 -3.7 
2 ¥r 0.906 0.872 +0.03^ +3.9 
3 116 1.053 0.922 +0.131 +1^.2 
3 117 1.053 0.922 +0.131 +14.2 
5 116 1.0U7 O.990 +0.051 +5.1 
5 117 1.1814 O.990 +0.191+ +19.6 
5 ¥r 1 . 0 U 8 0.990 +0.058 +5.9 
6 116 1.028 1.010 +0.018 +1.8 
6 117 1.060 1.010 +0.050 +h.9 
6 118 1.060 1.010 +0.050 +U.9 
6 •X- 0.938 1.010 -0.072 -7.1 
6 • # 0.938 1.010 -0.072 -7.1 
8 116 1.035 1.035 +0.000 +0.0 
8 117 1.082 1.035 +0.0U7 +̂ .5 
8 118 0.956 1.035 -0.079 -7.6 
8 119 I.082 1.035 +0.0^7 +̂ .5 
8 120 I.083 1.035 +0.0U8 ++.6 
8 ¥r O.9U2 1.035 -0.093 -9.0 
Partial velocity profile which is not listed in Appendix B. 
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Table 15. Effect o f^ In j ec t i ons on the Momentum 
Def i c i t in the Boundary Layer 
I n j e c t e d F l u i d : None 
I n j e c t i o n R a t e : - - mls/min 
Concen t ra t ion : - - ppm 
Experimental Average 
Run Momentum Deficit Momentum Deficit Devia tion 
Station No. (lbf/ft) (lbf/ft) (lbf/ft)( percent) 
1 101 0.03230 0.03000 +0.00230 +7.7 
1 102 0.02996 0.03000 -0.0000̂ 4- -0.1 
2 101 0.0310^ 0.03250 -0.001+6 -+.5 
2 102 0.03168 0.03250 -0.00082 -2.5 
2 103 0.03200 0.03250 -0.00050 -1.5 
3 101 0.032UU 0.03510 -0.00266 -7.6 
5 101 0.03631+ 0.0^020 -0.00386 -9.6 
6 101 0. (MlO 0.0^280 +0.00130 +3.0 
6 102 0.0̂ +282 0.0+280 +0.00002 +0.0 
6 103 0.0^370 0.0+280 +0.00090 +2.1 
8 101 O.OkTOO o.ok8oo -0.00100 -2.1 
8 102 0.0^690 0.0+800 -0.00110 -2.3 
* r P^oo-u) 
The momentum d e f i c i t i s dy, 
g c 
o 
Table l6. Effect of^Injections on the Momentum 
Deficit in the Boundary Layer 
Injected Fluid: Water 
Injection Rate: 537.0 mls/min 
Concentration: -- ppm 
Station 
Experimental 
Run Momentum Deficit 
No. (lbf/ft) 
Average 
Momentum Deficit Deviation 
(lbf/ft) (lbf/ft)(percent) 
2 10 4 0.02720 0.02820 -0.00100 -3.5 



















* The momentum deficit is 
pu(u -u) 
dy. 
Table 17. Effect of^Injections on the Momentum 
Deficit in the Boundary Layer 
Injected Fluid: Aqueous Solution of 
Polyethylene Oxide 
Injection Rate: 60.0 mls/min 



























































* r P^-u) 




Table 18. Effect of^Injections on the Momentum 
Deficit in the Boundary Layer 
Injected Fluid: Aqueous Solution of 
Polyethylene Oxide 
Injection Rate: 134.0 mls/min 
Concentration: 50.0 ppm 
Experimental Average 
Run Momentum Deficit Momentum Deficit Devia tion 
Station No. (lbf/ft) (lbf/ft) (lbf/ft)( percent) 
2 109 0.02918 0.03160 -0.00242 -7.7 
2 110 0.02980 0.03160 -0.00180 -5.7 
3 109 0.028l4 0.03320 -0.00506 -15.2 
3 110 0.02789 0.03320 -0.00531 -l6.0 
5 109 0.03480 0.03620 -0.00140 -3.9 
5 110 0.03446 0.03620 -0.0017^ -4.8 
6 109 o.o4oio 0.03780 +0.00230 +6.1 
6 110 0.03740 0.03780 -o.ooo4o -1.1 
6 111 o.o4ooo 0.03780 +0.00220 +5.8 
6 112 0.037^0 0.03780 -0.00040 -1.1 
8 109 0.04206 0.04100 +0.00106 +2.6 
8 110 0.03996 0.04100 -0.00104 -2.5 
8 111 O.OU098 0.04100 -0.00002 -0.0 
8 112 0.03980 0.04l00 -0.00120 -2 .9 
* * Pu(ura-
U) 
The momentum deficit is I dy. 
0 c 
5 
Table 19. Effect o f^ In j ec t i ons on the Momentum 
Def i c i t in the Boundary Layer 
I n j ec t ed F l u i d : Aqueous So lu t ion of 
Polye thylene Oxide 
I n j e c t i o n Ra te : 537.0 mls/min 
Concen t ra t ion : 50.0 ppm 
Experimental Average 
Run Momentum Deficit Momentum Deficit Devia tion 
Station No. (lbf/ft) (lbf/ft) (lbf/ft)(percent) 
2 116 0.03180 0.03180 +0.00000 +0.0 
2 117 0.03210 0.03180 +0.00030 +0.9 
2 118 0.03352 0.03180 +0.00172 +5.^ 
3 116 0.03336 0.03380 -O.OOO1^ -1.3 
3 117 0.03328 0.03380 -0.00052 -1.5 
5 116 0.03^70 0.037̂ -0 -0.00270 -7.2 
5 117 0.03880 0.037^0 +0.00J+0 +3.7 
6 116 0.0^0^6 0.039^0 +0.00106 +2.7 
6 117 0.0397^ 0.039^0 +0.0003^ +0.9 
6 118 0.0^032 0.039^0 +0.00092 +2.3 
8 116 0.0^390 0.0̂ +300 +0.00090 +2.1 
8 117 0.0^256 0.0̂ +300 -o.oooUU -1.0 
8 118 0.0^120 0.0^300 -0.00180 -k.2 
8 119 0.0^3^0 0.0^300 +0.000^0 +0.9 
8 120 0.0^388 0.0^300 +O.OOO88 +2.0 
* p pu(u ro-u) 
The momentum d e f i c i t i s dy-
0 c 
Table 20. Effect of Injections on Skin Fr ic t ion 
Injected Fluid: None 
Injection Rate: - - mls/min 
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3 101 0.0051^3 0 0.2^73 0.2230 0.000680 0.005823 









































Table 2 1 . Effect of I n j e c t i o n s on Skin F r i c t i o n 
In jec ted F l u i d : Water 
I n j ec t i on Ra te : 537.0 mls/min 
Concentra t ion: - - ppm 
Run 
Station No. 
















p v u 
"W W co 
6p u. 
r oo co pu dy 
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Table 22. Effect of Injections on Skin Friction 
Injected Fluid: Aqueous Solution of Polyethylene Oxide 
Injection Rate: 60.0 mls/min 







f. pu(u -u) 
J-r-* 
Run 






p v u 
W ¥ to 
6p u 
r0O 00 £U dy 































( lbf / f t ; ) 
0.00^591 
0.00U702 
0 . 0 0 ^ 9 6 
0.00U559 
0.CXM96 
Table 23. Effect of Injections on Skin Friction 
Injected Fluid: Aqueous Solution of Polyethylene Oxide 
Injection Rate: 13^.0 mls/min 






















p v u 6p u 00 00 pu ., 
tr- dy 







































































( l b f / f t 2 ) 
0 . 0 0 3 7 2 6 
0.00U000 
0 . 0 0 3 5 1 3 
0 .003532 
0 . 0 0 3 5 7 1 
0 .003717 
0 . 0 0 3 6 2 8 









Table 2k. Effect of Injections on Skin Fr ic t ion 
Injected Fluid: Aqueous Solution of Polyethylene Oxide 
Injection Rate: 537.0 mls/min 





6 I \ 
C puC^-ii) 
j gc ^ 
o 
(lbf/ft2) 
p v u 
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Table 25. Effect of Injection on the Shear-Stress Distribution 
Injected Fluid: None 
Injection Rate: - - mls/min 
Concentration: - - ppm 
Station: 6 
yp -a du 





0 58U-0 x 10"6 0 x 
0.01 584o 60 
0.02 5840 120 
0.03 5840 180 
0.05 5840 301 
0.10 5840 601 
0.20 5840 1200 
0.30 5840 1800 
o.4o 5840 2400 
0.50 584o 3010 
o.6o 584o 3600 
0.70 584o 4210 
0.80 584o 4800 
0.90 584o 5413 
1.00 5840 6000 


















0 0 c (lbf/ft2) 
0 x 10 0 x ID"6 0 x 1C f* 0.005840 
0 0 0 0.005780 
0 0 0 0.005720 
0 0 0 O.OO5660 
0 0 0 0.005539 
0 0 0 0.005239 
0 0 0 0.oo464o 
0 0 0 O.oo4o4o 
0 0 0 0.003440 
0 0 0 0.002830 
0 0 252 0.002492 
0 355 510 0.001785 
0 634 737 0.001143 
0 835 1106 0.000698 
0 1190 l54o 0.000190 
0 1586 2247 0 
- 0 
y p u d u p v 11 , "« , \ n 2 
J fao 00 00 K W W d P pU , d f p u , 
T = T + ~ u ~ *— dy + — ^ — dy , 
w g dx g dx J g dx J g 
c toc ° c °c 
o o 
Table 26. Effect of I n j e c t i o n on the Shear_Stress D i s t r i b u t i o n 
I n j e c t e d F l u i d : Water 
I n j e c t i o n R a t e : 537.0 mls/min 
Concent ra t ion: - - ppm 
S t a t i o n : 6 
yp u du y 
T 
"W 
° roo 00 00 "W "W d 
g_ * y g dx s~ dx «. 





550^ x 10 0 : , lo"6 
-6 
0 x 1 0 
-6 
0 x 10 
0.01 550^ 60 55 0 
0.02 550^ 120 157 0 
0.03 550^+ 180 Vjh 0 
0.05 550^ 301 193 0 
0.10 550U 601 217 0 
0.20 550^+ 1200 2U0 0 
0.30 5504 1800 253 0 
o.Uo 550^ 2^00 262 0 
0.50 550U 3010 270 0 
o.6o 550U- 3600 276 0 
0.70 550^ i+210 280 0 
0.80 550U Woo 283 0 
0.90 550^ 5^13 286 0 
1.00 550^ 6000 288 0 







































T = T 
yp u du 
c 
dT 
p v u 
W "W 
y 
o^_ r _P_U a r pi 
dx J s ^ dx J e 
dy 
Table 27. Effect of I n j e c t i o n on the Shea r -S t r e s s D i s t r i b u t i o n 
In j ec t ed F l u i d : Aqueous So lu t ion of Polye thylene Oxide 
I n j e c t i o n Ra te : 60.0 mls/min 
Concent ra t ion: 50.0 ppm 














0 . 7 0 
0 .80 
0 . 9 0 
1.0U 
w 






































p v u 














a f ou 
u alJ g ay 
d_ r pu_ 






0 x 10-6 0 x 10 O.OOU550 
13 17 0.00^502 
133 136 0.00UU50 
150 222 0.00M+6l 
270 318 0.00^318 
1+98 770 0.00^2^4 
730 1033 0.003679 
713 1300 0.003365 
998 1700 0.002881 
590 1U10 0.002390 
11U0 2080 0.001920 
1130 2517 0.001558 
2030 3266 0.001017 
3^00 U800 0.000569 
0 
¥r 
T = T 
yp u du 
dx 




d_ r _pu d_ r pu 
dx J ff * y L dx J a; y 
Table 2 8 . E f f e c t of I n j e c t i o n on t h e S h e a r - S t r e s s D i s t r i b u t i o n 
I n j e c t e d F l u i d : Aqueous S o l u t i o n of P o l y e t h y l e n e Oxide 
I n j e c t i o n R a t e : 1 3 ^ . 0 m l s / m i n 
C o n c e n t r a t i o n : 5 0 . 0 ppm 
S t a t i o n : 6 
T 
"W 
y p A du 00 
dx 














( i n c h e s ) 
g c 
dx J g 
c 
0 ( l b f / f t 2 ) 
0 
-6 
3680 x 10 
-6 
0 x 10 0 x 10~ 0 x 1 0 - 6 0 x 10 
-6 
0 .003680 
0 . 0 1 3680 60 19 21 1+1 0 .003659 
0 .02 3680 120 36 82 179 0 .003693 
0 . 0 3 3680 180 ^3 1 5 ^ 220 0 .003609 
0 .05 3680 300 hi 218 333 0 . 0 0 3 5 ^ 1 
0 .10 3680 600 53 2l+3 380 0 .003269 
0 .20 3680 1200 58 6*+i 963 0 .002860 
0 . 3 0 3680 1800 62 907 1^33 0.0021+68 
o.i+o 3680 2^+00 6k 1190 1983 0 .002137 
0 .50 3680 3010 67 1521+ 2633 0.00181+6 
o.6o 3680 3600 68 19U0 3300 0 . 0 0 1 5 0 8 
0 .70 3680 1+210 69 2370 1+000 O.OOH69 
0 . 8 0 3680 1+800 69 2920 1+900 0 .000929 
0 . 9 0 3680 5I+10 70 3^90 51+00 0 .000250 
0 . 9 9 3680 - - - - - • - 0 .000000 
T = T 
yp u 













Table 29. Effect of Injection on the Shear-Stress Distribution 
Injected Fluid: Aqueous Solution of Polyethylene Oxide 
Injection Rate; 537.0 mls/min 




yp u du 
03 
dx~ 




d f* pu 
dx J g 
dy 
y 2 
d_ r pu_ 




( i n c h e s ) C c c 0 
c 
0 ( l b f / f t ^ ) 
0 1+030 x 10" 0 x 10 0 x 10 0 x 1 0 - 6 0 x 1C 
-6 
0.001+030 
0 . 0 1 !+030 60 126 29 3^ o.ooi+ioi 
0 .02 4030 120 15^ 121 250 0.001+193 
0 . 0 3 1+030 180 173 227 435 0 . 0 0 4 2 3 1 
0 .05 1+030 301 192 ^29 765 0.001+257 
0 . 1 0 1+030 601 211 763 1305 0.001+182 
0 .20 1+030 1200 2 3 ^ 1319 2103 0 .003848 
0 .30 1+030 1800 250 1792 2803 0 . 0 0 3 4 9 1 
o.i+o 1+030 21+00 260 2281 3U33 0 .003042 
0 . 5 0 1+030 3010 268 2910 1+100 0.0021+78 
o.6o !+030 3600 27U 3272 4767 0 .002199 
0 .70 1+030 1+210 279 ko 80 5501 0 .001520 
0 . 8 0 1+030 1+800 283 1+676 6U00 0 .001237 
0 . 9 0 1+030 5^13 285 5655 7467 0.00071!+ 
1 .01 1+030 0 .000000 
•X 
T = T 
yp u du 
J r c o co c 
a dx 
p v u 
y y 
- u dx J g J dx J g_ 
Table 30. Non-Dimensional Skin Friction as a Function of the Injection Parameter 
2 \ 














































5 0 . 0 
5 0 . 0 
5 0 . 0 
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Table 31. Concentrations of Polyethylene Oxide in the 
Transpired Turbulent Boundary Layer 
Injected Fluid: Aqueous Solutions of Poly-
ethylene Oxide 
Injection Rate: Indicated 
Concentration: 50.0 ppm 
Injection Rate y Concentration, C 
(mls/min) (inches) (ppm) 






13^.0 0.001 3.6 




0.005 1 . ^ 
0.020 0.5 
0.020 O.k 














Table 3 1 . (Continued) 
Injection Rate y Concentration, C 
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